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Abstract

This work focuses on the implementation of damage mechanics model to explain and understand failure mechanisms
of the concrete structures. A tensorial damage theory and an isotropic application to the arch ribs of a real bridge are
presented. Two reinforced concrete arch ribs of a 28 year old bridge has been removed from the field to the laboratory.
They were loaded up to failure in order to study the remaining strength of the structure. The damage model involves
three independent parameters for simulating the damage behaviors of the concrete material. The damage theory—addi-
tional load—finite element method is developed to simulate numerically the failure process of the RC structures based
on the proposed damage model. The predicted displacements, strains and failure mode of the RC arch are good agree-
ment with the experimental results. The values of the three material parameters that describe the damage characteristics
of concrete were obtained. The numerical calculations revealed the interested behaviors of concrete in a damaging pro-
cess. The proposed damage model can be used effectively to describe the damage and fracture behaviors of concrete.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Evaluation of the residual strength and remaining life
of concrete bridges have attracted much attention in re-
cent years as many of the existing structures have aged
over the years. Model analysis methods have been devel-
oped [1–7] and those involving the numerical simulation

of the fracture process of concrete can be found in [8].
Concrete is a typical heterogeneous and quasi-brittle
material with a complicated microstructure. Inherent
to the concrete are large numbers of microdefects and
microcavities that could spread when loads are applied
in addition to those that are nucleated in service. The
evolution of the failure process is to say the least very
complicated. A complete account of the failure process
is beyond the state-of-the-art of present analytical capa-
bility. Damage theory is therefore used instead by
assuming that failure by fracture occurs suddenly near
the ultimate load while microcracking prior to failure
did not have a significant effect. A different idea was
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proposed in the work [9], in which two- and three-
dimensional nonlinear finite element analysis of concrete
structures is presented. The concrete material is modeled
including the triaxial nonlinear stress–strain behavior,
tensile cracking, tension-stiffening, compression crush-
ing and strain-softening.

Kachanov originated the idea of damage theory in
1958 by assuming the reduction of the effective area
(or net area) on account of material damage for one-
dimensional models. Extension of the concept to three-
dimensions was made by replacing the uniaxial load
with the effective stress. Proposed also is the strain
equivalence principle [10]. It states that the strain consti-
tutive relations for damaged and undamaged material
are the same except that the Cauchy stress is replaced
by the effective stress. Different versions of the damage
theories for concrete can be found in [11–18]. The early
works [11–13] were based on the experimental stress–
strain curves and the strain equivalence principle. Pro-
posed are the uniaxial and isotropic damage models.
The shortcomings of the strain equivalence principle
have been pointed out in [19,20]. The anisotropic dam-
age models for the multiaxial damage case of concrete
were developed in [14,15]. It is hard to determine too
many unknown parameters in the anisotropic damage
models. A microplane damage model for concrete and
rock was presented in [16]. In addition, the mixture dam-
age model was proposed in [17,18]. The concrete is
regarded as a two-phase composite which consists of
grout and grain.

It has been argued in [19] that damage theory suffers
from both the lack of uniformity in its approach and the
lack of rigor in its development. In fact, it has not been
yet successful to extend the uniaxial model of Kachanov
to three dimensions. It seems to follow that of theory of
plasticity. The justification there is based on the tests
that the yield points of mild steel specimens are unaf-
fected by hydrostatic pressure at the global scale, i.e.,
taking the entire specimen into account. This, however,
is not the case in the extended version of the damage the-
ory where application is made to the local state of stress.
Such a discrepancy could be significant, especially when
applying the model to analyze the local damage of
material.

In what follows, a modified version of the ordinary
damage theory is used; it assumes that the material is
elastic even though it can be damaged by cracking. Such
a process has been referred to in the literature as ‘‘elastic
damage’’ which may be interpreted differently. Hence, a
thermodynamic approach has been used in [20,21] to
provide a more clear physical explanation of the physi-
cal damage process. A two dimensional finite element
scheme is used to obtain the state of stress and strain
in the arch. Good agreement between theory and test re-
sults was found. The methodology can thus be used to
predict the failure of concrete-like structures.

2. Damage theory based on thermodynamics

The general theory of damage of elastic material can
be found in [21]. It will be briefly introduced in this
section.

According to the first law of thermodynamics, the
internal energy is equal to the Helmholtz free energy
for a reversible isothermal process. Hence the second
law of thermodynamics for a closed system can be writ-
ten in terms of time rate as

r : _e � _H ¼ 0 ð1Þ

In Eq. (1), r is the Cauchy stress tensor, e the infinites-
imal strain tensor and H the Helmholtz free energy per
unit volume. The dot above the field variables denotes
the material derivative and the colon stands for the con-
traction over two indices. The bolder character indicates
a tensor.

A more general interpretation of Eq. (1) has been
given by Eq. (2) of [22]. In fact, a more general form
of Eq. (1) corresponds to replacing the time rate of
Helmholtz function H by the time rate of the dissipa-
tion energy density W. In such a case, the equality sign
can be replaced by an inequality sign in Eq. (1) and the
result can be applied to a dissipation material. In addi-
tion, application can be made to an open thermody-
namic system. More specifically, if the differential
energy density expressed in terms of the sum of the dif-
ferential available and unavailable energy density are
divided by dt, then Eq. (1) would be identical to that
presented above. And the left-hand side of Eq. (1)
can be identified with the unavailable portion of the en-
ergy density. In the language of irreversible thermody-
namics, dissipation due to heat flow or the alike such
as damage which describes the microscopic discontinu-
ities has been lumped into the energy dissipation den-
sity which is not available to do damage at the
macroscopic level. This should be distinguished from
damage by macrocracking which is also irreversible.
In the theory of plasticity, dissipation refers to damage
at the microscopic level. Such an effect will not included
in the present model of damage. It is pertinent for a
damage theory to start with

r : _e � _W P 0 ð2Þ

where W is the energy density per unit volume [22].
The damage state can be characterized by an internal

state variable (say damage variable). The scalar damage
variable is D for isotropic damage [10], and D is a sym-
metric second-order damage tensor for anisotropic dam-
age state [23]. The energy density function W can thus be
related to e and D as

W ¼ Wðe;DÞ ð3Þ
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