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a b s t r a c t

A new consistent corotational formulation for nonlinear dynamics of beams with arbitrary thin-walled
cross-section is presented. The novelty is that the warping deformations and the eccentricity of the shear
center are fully taken into account. Therefore, additional terms are introduced in the expressions of the
inertia force vector and the tangent dynamic matrix. Their contribution is then investigated considering
several numerical examples. Besides, the element has seven degrees of freedom at each node and cubic
shape functions are used to interpolate local transverse displacements and axial rotations. The formula-
tion’s accuracy is assessed considering five examples with comparisons against 3D-solid solutions.

� 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Dynamic analysis of flexible structures undergoing large dis-
placements and finite rotations is an attractive research topic
and a large number of finite beam formulations have been pro-
posed in the literature. Many of them have been formulated in
the total Lagrangian context [3,6,7,14,21,23,25,26,32,38,31,40,41],
and in the corotational context [5,8–10,12,13,16–18,24,28,30,33,
35,39]. However, the number of formulations which deal with non-
linear dynamics of beams with arbitrary thin-walled cross-sections
is very limited [18].

The aim of this paper is to propose a new dynamic formulation
for nonlinear analysis of beams with arbitrary thin-walled open
cross-sections. The formulation is based on the corotational meth-
od. This method is a well-known approach to develop efficient
beam elements for the nonlinear analysis of flexible structures. In
fact, several versions of the corotational method have been pro-
posed in the literature. The one used in this work is based on the
work of Nour-Omid and Rankin [34,36], further developed by Bat-
tini and Pacoste [4] for the static analysis of beams with arbitrary
cross-section. The main idea of the method is to decompose the
motion of the element into rigid body and pure deformational
parts. During the rigid body motion, a local coordinates system, at-
tached to the element, moves and rotates with it. The deforma-
tional part is measured in this local system. The main interest of

the approach is that different assumptions can be made to repre-
sent the local deformations.

Using this corotational framework, a dynamic formulation has
been proposed by the authors for the case of 2D beams [28] and
the case of 3D beams with solid and double symmetric cross-sec-
tions (Saint–Venant torsion) [30]. In these works, the same kine-
matic assumptions have been adopted to develop the static and
the dynamic terms. In particular it has been shown that the
possibility offered by the corotational method to use cubic shape
functions for the local transverse displacements leads to a more
efficient two-noded beam element.

The purpose of the present paper is to further develop the
dynamic formulation proposed in [30] so that beams with arbitrary
thin-walled open cross-sections can be studied. For that, two main
ideas are used. Firstly, a seventh degree of freedom is added at each
node to describe the warping of the cross-section. Consequently,
the linear interpolation for the local axial rotation used in [30] is
replaced by a cubic interpolation. Secondly, the main difficulty in
the nonlinear analysis of beams with arbitrary cross-sections is
that, due to the eccentricity of the shear center, the cross-section
rotations are usually not defined at the same point. To avoid this
difficulty, the kinematic description proposed by Gruttmann
et al. [1] is adopted. In this approach, the warping function is mod-
ified and all the cross-section rotations are defined at the centroid.

Consequently, the inertia terms are consistent with the static
ones developed by Battini and Pacoste in [4] since the same coro-
tational kinematic description is used to derive all the terms.
Regarding the dynamic terms, i.e., the inertia force vector and tan-
gent dynamic matrix, the formulation proposed in [30] is extended
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and several additional terms are introduced. The contribution of
these terms in the performance of the formulation is then investi-
gated considering several numerical examples. Regarding the static
deformational terms, i.e., the internal force vector and tangent
stiffness matrix, the corotational beam element developed by Bat-
tini and Pacoste [4] is adopted. However, in order to introduce the
bending shear deformations, the cubic Hermitian functions are
modified as suggested in the Interdependent Interpolation Element
(IIE) formulation [37].

The outline of the paper is as follows. Section 2 presents some
aspects of the parametrization of finite rotations. In Section 3,
the expression of the kinetic energy is derived. Section 4 is devoted
to the corotational beam kinematics. Section 5 presents the deriva-
tion of the inertia force vector and the dynamic tangent matrix. The
internal force vector and the tangent stiffness matrix are shortly
presented in Section 6. In Section 7, five numerical examples are
analyzed in order to assess the performance of the present dy-
namic formulation. Finally, conclusions are given in Section 8.

2. Parametrization of finite rotation

In this section, the basic relations concerning the parameteriza-
tions of finite rotations are briefly presented. For a more complete
description, the reader is referred to textbooks and review papers
such as [2,11,15,19,20,27].

The coordinate of a vector xo that is rotated into the position x
(see Fig. 1) is given by the relation

x ¼ R xo: ð1Þ

Due to its orthonormality, the rotation matrix R can be parameter-
ized using only three independent parameters. One possibility is to
use the rotational vector defined by

h ¼ hn; ð2Þ

where n is a unit vector defining the axis of the rotation and
h ¼ ðhThÞ1=2

is the angle of the rotation.
The relation between the rotation matrix and the rotational vec-

tor is given by the Rodrigues’ formula

R ¼ Iþ sin h
h
eh þ 1� cos h

h2
eh eh ¼ expðehÞ; ð3Þ

where eh is the skew matrix associated with the vector h.
The variation of the rotation matrix in spatial and material form

is given by

dR ¼gdwR ¼ Rgdx: ð4Þ

Physically, gdw represents infinitesimal spatial rotation superim-
posed to the rotation R. dw, which is also denoted as spatial spin
variables, is related to the variation of the rotational vector through

dw ¼ TsðhÞdh; ð5Þ

with

TsðhÞ ¼ Iþ 1� cos h

h2
eh þ h� sin h

h3
eh eh: ð6Þ

The time derivative of the rotation matrix in spatial and material
form is given by

_R ¼ e_wR ¼ R e_x; ð7Þ

where the vectors _w and _x are spatial and material angular veloc-
ities, respectively.

The spatial and material quantities are connected by the
relations

dw ¼ Rdx; ð8Þ
_w ¼ R _x; ð9Þ
€w ¼ R €x: ð10Þ

The variation of the material angular velocity is given by (see [7])

d _x ¼ _dxþ e_x dx; ð11Þ

with _dx denoting the time derivative of the material spin variables.

3. Kinetic energy

In the present paper, the kinematic description proposed by
Gruttmann et al. [1] is adopted (see Fig. 2). A beam with an arbi-
trary cross-section is considered. G and C are the centroid and
the shear center of the cross-section. ei and ai (i ¼ 1;2;3) denote
the global and cross-section-attached orthogonal coordinates sys-
tems, respectively. The transformation from the global coordinates
system to the cross-section-attached one is defined by

ai ¼ R ei: ð12Þ

Let xPðx; y; zÞ denote the position vector of an arbitrary point P in the
current configuration

xPðx; y; zÞ ¼ xGðxÞ þ y a2ðxÞ þ za3ðxÞ þ aðxÞxðy; zÞa1ðxÞ; ð13Þ

with xG denoting the position vector of G in the current
configuration.

The warping function xðy; zÞ is defined within the Saint–Venant
torsion theory and refers to the centroid G, i.e.,

x ¼ x� yc zþ zc y; ð14Þ

where x refers to the shear center C with coordinates yc; zc . Note
that in connection with x, the following normality conditions holdZ

A
xdA ¼ 0;

Z
A
xydA ¼ 0;

Z
A
xzdA ¼ 0: ð15Þ

Using Eq. (12), the expression (13) can be put in the form

xP ¼ xG þ R ðXþ a nxÞ; ð16Þ

with X ¼ ½0 y z�T and nx ¼ ½x 0 0�T.

θ

Fig. 1. Finite rotation of a vector. Fig. 2. Initial and current configuration of the beam.
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