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a b s t r a c t

We consider interface problems for second order elliptic partial differential equations with Dirichlet
boundary conditions. It is well known that the finite element discretization may fail to produce solutions
converging with optimal rates unless the mesh fits with the discontinuity interface. We introduce a
method based on piecewise linear finite elements on a non-fitting grid enriched with a local correction
on a sub-grid constructed along the interface. We prove that our method recovers the optimal conver-
gence rates both in H1 and in L2 depending on the local regularity of the solution. Several numerical
experiments confirm the theoretical results.

� 2013 Elsevier Ltd. All rights reserved.

1. Introduction

In several physical situations, like heat transfer, fluid dynamics,
acoustic waves, electromagnetic phenomena and materials sci-
ence, problems having discontinuous coefficients across interfaces
may arise. In general situations, the position of the interfaces can
be either given or can be an unknown of the problem as in the case
of phase transition, fluid–structure interaction, heterogeneous
structures or free-boundary problems. If the interface is fixed, it
might be desirable to construct the mesh in such a way it fits with
the interface, in order to achieve the optimal accuracy in each sub-
region of the domain. In the case of unknown interface as those
quoted above, a lot of effort has been made to develop efficient
numerical techniques (see for example [1–10] and the references
therein). Since, in this kind of problems, the interface is time
dependent and the problem is nonlinear, computing the correct
position of the interface at each time step could require some iter-
ations to guarantee stability of the scheme. In such case, instead of
adapting the mesh to fit the interface at each time step, it could be
convenient considering meshes which do not take into account the
position of the interface and apply the enrichment method, we are
going to present, to recover the optimal accuracy.

From the mathematical viewpoint, the lack of global regularity
of the coefficients may affect the global regularity of the solution,
even if the interface is smooth. In these situations numerical
schemes may fail to provide the optimal convergence rate. On
the other hand, if the coefficients are locally regular, then the solu-
tion could enjoy local smoothness properties. Therefore, in order to

have a finite element solution which converges to the continuous
one with an optimal rate, the computational meshes need to be
constructed in such a way that the interface is well approximated
by the mesh faces. In this case, the meshes are called fitting. We re-
fer, for example, to [11–14] for the analysis in the elliptic and par-
abolic case. However, the generation of a fitting grid could be time
consuming in presence of complicated geometries or in the case of
time dependent interfaces, which would require the re-meshing at
each time step. We mention here that one could proceed by con-
structing independent meshes in the subregions. In such case one
gets fitting meshes which could be non-matching, that is grids that
do not share the same nodes along the interface between two adja-
cent regions. For example, one can use a fine mesh on a certain re-
gion and a coarser mesh on the adjacent one. As a consequence the
finite element space in the first region presents more degrees of
freedom along the interface than that defined in the second region.
In this situation, modern software packages offer a so-called glue
technology which allows to interpolate the two fields in order to
obtain a continuous solution, see e.g. ADINA (http://www.adi-
na.com/newsgB36.shtml).

Several techniques have been proposed which employ non-fit-
ting meshes associated with proper strategies which allow to re-
cover the optimal convergence rate. The immersed interface
methods proposed in [15,16] combine the advantages of cartesian
grids with the construction of suitable local piecewise polynomials
which can take into account the jump of the normal derivative. The
partition of unity method [17] allows to include in the finite element
spaces a priori knowledge of the behavior of the solution close to
the interface. In the extended finite element method [18] an enrich-
ment of the standard finite element spaces is constructed in order
to model arbitrary discontinuities of functions or their derivatives.
A different approach is followed in the unfitting finite element
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method proposed in [19] where the approximate solution is al-
lowed to be discontinuous and the correct interface conditions
are enforced weakly using Nitsche’s method. Moreover, we quote
the methods based on fictitious domains, see [20,21].

Our approach is based on the immersed boundary method pro-
posed in [22,23] for simulating fluid motion around solid objects.
In these papers the immersed boundary represents the interface
between fluid and solid where Dirichlet boundary conditions are
imposed. The main idea of the method is to construct a mesh for
the union of the fluid and the solid domains independently of the
position of the solid and then to cut the elements crossed by the
immersed boundary adding new degrees of freedom. Then the
additional unknowns in the solid domain can be computed locally
in terms of the new degrees of freedom using the boundary condi-
tion. In our case, instead, the immersed boundary corresponds to
the interface where the coefficients present discontinuities, there-
fore the value of the solution along it is not known in advance. In
order to obtain a numerical solution with optimal convergence
rate, we introduce first a finite element discretization of the inter-
face problem on a non-fitting grid, then we enrich the resulting fi-
nite element space performing a local refinement of the grid along
the interface. We observe that the additional unknowns we have
introduced could be expressed by static condensation in term of
the unknowns on the non-fitting grid, so that the size of the alge-
braic system would not increase. Moreover, this procedure does
not require the modification of the non-fitting mesh structure
keeping the original numbering of the degrees of freedom. This
advantage becomes more relevant when it is applied to the case
of time dependent problems with moving interfaces, as, for exam-
ple, the matrices of the resulting linear system can be modified
only locally at each time step. The construction of the sub-grid
associated with the local enrichment can be done in several ways.
Our local finite element space is obtained by subdividing the ele-
ments crossed by the interface into sub-elements so that edges
can intersect the interface only at the vertexes.

Here we present and discuss into details the case of two dimen-
sional problems discretized by piecewise linear finite elements,
however the method can be generalized to higher order finite ele-
ments. We show that the method recovers the optimal rate of con-
vergence provided the solution is sufficiently smooth in each
subregion. The three dimensional case can also be treated using,
for example, the geometric considerations of [22] for the construc-
tion of the sub-grid.

The paper is organized as follows: in Section 2 we present the
problem with the regularity results for the solution; next, the en-
riched finite element method is introduced and the error estimates
are provided in Section 4. The last section reports some numerical
experiments confirming the theoretical results together with the
numerical behavior of the condition number of the involved matri-
ces. In particular, we exploit numerically the behavior of the con-
dition number of the matrix analyzing what happens when the
interface gets closer to the existing non-fitting grid so that the
sub-elements could fail to satisfy the minimum angle condition.

2. Elliptic problem with discontinuous coefficients

In order to simplify the presentation, we consider a convex
polygonal domain X � R2, divided into two open sets X1; X2 by
an interface C. The technique we are going to present can be ex-
tended to the case of several domains with suitable modifications.
We assume that C is Lipschitz continuous and that it is composed
by a finite number of open arcs each of them of class C2. For a reg-
ular function v defined on X, we denote by v i for i ¼ 1;2 its restric-
tions to Xi, that is v i ¼ vjXi

for i ¼ 1;2.

We consider the following elliptic problem with homogeneous
Dirichlet boundary conditions

�r � ðbruÞ ¼ f in X;

u ¼ 0 on @X;
ð1Þ

where f and b are sufficiently smooth functions on X. We assume
that b P b0 > 0 for some b0 2 R. The case of non homogeneous
Dirichlet boundary conditions can be treated as well with standard
modifications.

When b presents jump discontinuities across C, problem (1) can
be rewritten as the following transmission problem:

�r � ðbru1Þ ¼ f in X1;

�r � ðbru2Þ ¼ f in X2;

u1 ¼ u2 on C;

bjX1

@u1

@n1
þ bjX2

@u2

@n2
¼ 0 on C;

u1 ¼ 0 on @X1 n C;

u2 ¼ 0 on @X2 n C:

ð2Þ

Let f 2 L2ðXÞ and b 2 L1ðXÞ. We assume that the restrictions of b to
the sub-domains Xi are sufficiently smooth, that is bjXi

2W1;1ðXiÞ
for i ¼ 1;2. The variational formulation of problem (1) is then the
following: find u 2 H1

0ðXÞ such that

aðu;vÞ ¼ ðf ;vÞ 8v 2 H1
0ðXÞ; ð3Þ

where

aðu;vÞ ¼
Z

X
brurvdx ðf ;vÞ ¼

Z
X

f vdx: ð4Þ

We shall use the following notation for the norms in the Hilbert
spaces on B � R2: for all v 2 L2ðBÞ we set

kvk0;B ¼
Z

B
v2dx

� �1=2

:

Next for functions v in the Hilbert space HsðBÞ with s integer we
define

jv jj;B ¼ kD
jvk0;B for 0 6 j 6 s;

kvks;B ¼
Xs

j¼0

jvj2j;B

 !1=2

;
ð5Þ

where Djv stands for the array of the derivatives of v of
order j. When B ¼ X and no confusion may arise we drop the sub-
script X.

We introduce the space HsðX1 [X2Þ ¼ fv 2 H1ðXÞ :

v i 2 HsðXiÞ for i ¼ 1;2g endowed with the norm

kvks;X1[X2
¼ kv1k2

s;X1
þ kv2k2

s;X2

� �1=2
:

Problem (3) has a unique solution u 2 H1
0ðXÞ such that

u 2 \H2ðX1 [X2Þ if C belongs to C2, with the following a priori esti-
mate (see [14,24,25])

kuk1 þ kuk2;X1[X2
6 Ckfk0:

In the case when C does not belong to C2 but it is only globally Lips-
chitz continuous, the regularity of the restrictions of u to X1 and X2

might be reduced and u 2 HsðX1 [X2Þ with 3=2 < s � 2, see [26,
Chapter 2].

To simplify the exposition of the numerical method, we assume
that the coefficient b is piecewise constant with

bðxÞ ¼ b1 for x 2 X1; bðxÞ ¼ b2 for x 2 X2 ð6Þ

and b1 < b2. With this choice it is easy to check that the continuity
constant of að�; �Þ is given by b2, and the coercivity constant by
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