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a b s t r a c t

In this paper, the free vibration behaviors of the functionally graded (FG) coated and undercoated
substrate structures are studied by a meshfree boundary–domain integral equation method. Based on
the two-dimensional elasticity theory, the boundary–domain integral equations for each single layer of
these coating–substrate structures are derived initially by using elastostatic fundamental solutions.
Employ the radial integration method to transform the domain integrals into boundary integrals and
achieve a meshfree scheme. By applying the multi-region boundary element method, obtain the
generalized eigenvalue system of the whole structure, which involves system matrices with boundary
integrals only and the complete solutions for natural frequency and vibration modes are rigidly resolved.
A comparative study of FG versus homogeneous coating is conducted. The influences of material
composition, material gradient, coating thickness ratio, substrate structure aspect ratio and the
boundary conditions on the natural frequencies of the FG coated and undercoated substrate structure
are evaluated and discussed.

& 2015 Elsevier Ltd. All rights reserved.

1. Introduction

In many applications, especially in the space industry, energy
industry and electronic industry, structures or part of structures
are exposed to high temperature or high temperature gradients.
Conventional metallic materials, such as carbon steels or stainless
steels cannot resist such high temperature. In order to improve the
resistance of metallic structures against extreme temperature
conditions, without suppressing their strength and toughness, a
thin layer of appropriate ceramic is generally used to cover the
surface of the structures. For those structures which are subjected
to constantly rolling, sliding contacts or abrasive wear, additional
hardening process should be carried out within the outer surface
of the materials. These two techniques are all forming the coating–
substrate system, where a functional material is coated on the
substrate material to increase the durability and reliability of the
structures. However, due to the discontinuous of the material
properties of these two or more materials, severe residual and
working stresses discontinuity at the material interfaces usually
cause damage to the coating, or failure due to delamination. As a
remedy to the aforementioned disadvantages in coating–substrate
system, a concept of functionally graded (FG) coating is proposed,
where a smooth spatial gradation of the material properties is

introduced from coating to substrate in order to eliminate the
effect of the sudden change of the material properties, such that
stress and strain discontinuous can be mitigated in the coating–
substrate system.

Due to the superior properties, a world-wide requirements of
the application of the FG coating–substrate system triggered a
series of research activities. The incorporation of functionally
graded materials (FGMs) into coating design can help eliminate
the mismatch of mechanical and thermo-mechanical properties
between the metal plates and coating layers. Thus a number of
studies existed in the literature for analyzing of the mechanical
and thermo-mechanical behavior of homogeneous plates coated
by a FG layer. A FG coated elastic solid under thermomechanical
loading was carried out by Shodja and Ghahremaninejad [1].
Three-dimensional elastic deformation of a functionally graded
coating/substrate system was investigated by Kashtalyan and
Menshykova [2]. Chung and Chen [3] analyzed the bending
behavior of the thin plates coated by FG layer. Several researches
have addressed contact response of FG coatings. Saizonou et al. [4]
studied the subsurface stress distribution of an FG-coated elastic
solid under normal and sliding contact loading by the boundary
element method (BEM). Contact mechanics of the FG coated solids
was analyzed by Guler and Erdogan [5]. It should be noted that in
all above studies the properties the FGM were all assumed to vary
exponentially through the thickness.

Theoretical modeling of FG coatings has been focused predo-
minantly on prediction of their fracture behaviors. Chen and
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Erdogan [6] studied the interface cracks for a FG coating medium.
A crack in the FG coating surface and its expansion into the
substrate along the direction perpendicular to the interface
between the coating and the substrate was presented by Chi and
Chuang [7]. Pindera et al. [8,9] examined fracture mechanisms in
thermal barrier coatings with FG bond coats under uniform cyclic
thermal loading. However, the dynamic analyses of the FG coat-
ings are very rare in the literature. Liew et al. [10] investigated
linear and non-linear vibrations of a coating–FGM–substrate
cylindrical panel subjected to a temperature gradient, which were
based on the first order shear deformation theory and von-Karman
geometric nonlinearity. Hosseini-Hashemi et al. [11] presented the
exact closed-form solutions for both in-plane and out-of-plane
free vibration of the simply supported rectangular plates coated by
a FG layer, based on three-dimensional elasticity theory.

In this paper, attention is focused on investigating the free
vibration behaviors of two FG coating–substrate structures. The
first one involves a two-layer structure, namely an FG layer coated
on a homogeneous substrate which is simply called the FG coated
substrate structure, the other involves a three-layer structures in
which a FGM is employed for the inter-medium layer and different
homogeneous materials are in the top and bottom layers, this is
called an FG undercoated substrate structure [3]. For each single
layer of these structures, the boundary–domain integral equation
formulations are derived initially by using the elastostatic funda-
mental solutions which is based on the two-dimensional elasticity
theory. A meshfree scheme is achieved to apply the radial
integration method to transform the domain integrals arising from
the material inhomogeneous and the inertial effects to the
boundary integrals. Finally, an eigenvalue system involving system
matrices with boundary integrals only is obtained through assem-
bling all the sub-layer integral equations together by employing
the multi-region BEM. By the harmonious combination of this
meshfree boundary–domain integral equation method and the
multi-region BEM, a comparative study of FG coating versus
homogeneous coating is conducted. Numerical example results
are presented to demonstrate the influences of FG coating thick-
ness ratio, substrate structure aspect ratio, as well as boundary
condition on the vibration characteristics of the FG coated and the
FG uncoated substrate structures.

2. Material properties of the coating–substrate structures

Three considered coating–substrate structures, namely, the
homogeneous coated, FG coated, as well as the FG undercoated
structures are schematic depicted in Fig. 1. Assume the layers of
these coating–substrate structures are perfected bonded to each
other. The total length and height of these coating–substrate
structures are denoted by L and ht. hi represents the thickness of
each layer. The coating and the substrate of the homogeneous
coated structure as well as the top and the bottom layers of the FG
undercoated structure are composed by pure ceramic and pure

steel, respectively, their material parameters are described in
Table 1. For the FG layer existing in FG coated and FG undercoated
substrate structures, assuming the top is ceramic rich and the
bottom is steel rich, Young's modulus and the mass density are
varying continuously in the transverse direction according to an
exponential function described in Eqs. (1) and (2), while the
Poisson ratio is constant.

E x2ð Þ ¼ Ebe
βx2 where β¼ 1

hf
ln

Et
Eb

� �
ð1Þ

ρ x2ð Þ ¼ ρbe
γx2 where γ ¼ 1

hf
ln

ρt

ρb

� �
ð2Þ

where Et, ρt are Young's modulus and mass density for the top face
constituent of the FG layer, and Eb, ρb are for the bottom face
constituent. FGM gradation parameters are represented by β and γ
for Young's modulus and mass density respectively. x2 denotes the
Cartesian coordinates variable in the transverse direction and hf is
the thickness of the FG layer. The through thickness variation of
Young's modulus for the three considered coating–substrate
structures is shown in Fig. 2.

3. Problem formulation

The fulfillment of the free vibration analyses of the FG coated
and FG undercoated substrate structures as well as the homo-
geneous coated substrate structures are by the harmonious com-
bination of the developed meshfree boundary–domain integral
equation method and the multi-region BEM.

3.1. The meshfree boundary–domain integral equation method

For each single layer of the coating–substrate substrate struc-
tures, the governing differential equations of the steady-state
elastodynamics without damping is expressed in terms of the
frequency ω as

σij;jðxÞþω2ρuiðxÞ ¼ 0 ð3Þ
which is based on the two-dimensional elasticity theory and the
stress tensor σij, mass density ρ, displacement ui are quantities for
each layer. A comma after a quantity represents spatial derivatives
and repeated indexes denote summation.

The elasticity tensor cijkl is described in the form of

cijklðxÞ ¼ μðxÞc0ijkl ð4aÞ

Fig. 1. Coordinates and geometry of the coating–substrate structures. (a) Homogeneous coated substrate structure; (b) FG coated substrate structure; (c) FG undercoated
substrate structure.

Table 1
Material properties of the homogeneous ceramic and steel.

Material E(GPa) ρ(Kg/m3) ν

Aluminum (Al) 70 2707 0.3
Steel (S) 210 7806 0.3
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