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In this paper a new technique is presented for transforming the domain integral related to the source
term that characterizes the Poisson Equation, within the scope of the boundary element method, for
two-dimensional problems. Similarly to the Dual Reciprocity Technique, the proposed scheme avoids
domain discretization using primitive radial basis functions; however, it transforms the domain integral
into a single boundary integral directly. The proposed procedure is simpler, more versatile and some
useful and modern techniques related to radial basis function theory can be applied. Numerical tests
show the accuracy of the proposed technique for a simple class of complete radial interpolation
functions, pointing out the importance of internal poles and the potential of applying fitting interpola-
tion schemes to minimize the computational storage, particularly considering more complex future
approaches, in which a mass matrix may be generated. For the analysis of the accuracy and convergence
of the proposed method, results are compared with those obtained using Dual Reciprocity, using known
analytical solutions for reference.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

The boundary element method (BEM) has been shown to be an
effective numerical technique for modeling many engineering
problems. Considering problems governed by self-adjoint differ-
ential operators, numerical results of the BEM are of high accuracy,
for which the properties of the fundamental solution play an
important role.

In many cases, intrinsic BEM limitations have been overcome
gradually through new strategies, such as the resolution of internal
domain terms, for example, that which appears in the Poisson
Equation. Despite the existence of many techniques that model
this kind of problem, the Dual Reciprocity Technique (DRBEM) is
still currently the most general option [1,2]. It was created for
solving eigenvalue and dynamic problems, but its methodology
has been successfully generalized and applied to other cases,
especially to model the domain integrals that appear in time
dependent cases, diffusive-advective problems and other heat and
mass transfer problems [3,4].
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Anticipating by some years the use of meshless approaches [5],
the DRBEM also uses radial basis functions to interpolate the
variable that comprises the kernel of the domain integrals [6].
However, the DRBEM was developed using radial functions with
complete support, which are effective for interpolation [7,8] or
fitting approximation. These classic functions provide satisfactory
accuracy for application to moderately sized data sets, but diffi-
culties can arise for larger data sets [9].

Considering the advances with the Compact Radial Basis
Functions (CRBFs) [10,11], many criticisms have been made of
the complete radial basis functions traditionally used in the
DRBEM. CRBFs present advantages especially in cases in which
the interpolation matrix is comprised of a large number of basis
points and it can also be ill-conditioned.

In fact, computational tests have shown that many classic
complete radial basis functions become inadequate with the
DRBEM in certain applications. Some studies indicate lack of
convergence when traditional complete radial functions are used
in DRBEM in conjunction with iterative procedures [12]. It should
be emphasized that the use of radial functions in this formulation
differs from the simple interpolation procedure and also the
techniques of solving differential equations, since it generates
two primitive functions from the original interpolation function,
forming auxiliary matrices that may produce additional harmful
numerical effects.
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Therefore, the objective of this paper is to present an alter-
native formulation, hereafter named DIBEM, to approximate the
complete kernel of the domain integral related to the body force
term, such as is done in simple interpolation. Similarly to the
DRBEM, the standard approach of the BEM to the Laplace operator
is maintained since it is assumed that it has satisfactory accuracy.
The proposed technique is also simpler and more versatile, since
any type of radial basis function may be used according to a simple
scheme that avoids domain integrations, as it will be shown
herein. In order to present preliminary results, only classic radial
basis functions with complete support are tested.

2. Boundary integral equation

Consider a two dimensional domain £2(X) constituted by a
homogeneous and isotropic medium, in which a scalar potential u
(X) and a body force p(X) act. The domain is limited by a boundary
I'(X), where potential conditions are prescribed on /,(X) and
normal derivatives of potential g(X) on a complementary bound-
ary I'y(X). Taking an auxiliary function u*(£;X) and its normal
derivative g*(£;X), where & is an arbitrary source point, it is
possible to establish an equivalent inverse integral form related
to Poisson's Equation, given by [13]:

cOuE) + /r UCOGHEX)dl /r QUOUHEX)dT = — /Q POOU*(E: X)dQ2
5

In Eq. (1), the value of the coefficient ¢(£) depends not only on the
positioning of the source point & with respect to the physical
domain £2(X) but also on the boundary smoothness at the same
point [14].

3. Interpolation procedure

The aim is to resolve the integral term in the right hand side of
Eq. (1) by interpolation, using radial basis functions in a similar
approach as that used in the DRBEM procedure. Thus, the
complete kernel of the domain integral is interpolated directly,
according to the following expression:

POUH(EX) =2(&X) =Sl F (X; X) )

For each source point &, the interpolation given by Eq. (2) is done
by considering each of the base points X in relation to the domain
points X, weighted by the coefficients ad. The quantity of basis
points X' must be equal to the known values of z(&;X).

The interpolation functions F used belong to a class of radial
functions, that is, the argument is composed by the Euclidian
distance r(X’X) between base points X' and domain points X,
hereafter called information points.

Non radial functions could also be used with success [15,16],
but it is important to point out that in the DIBEM the kernel of the
integral to be approximated is composed of the product of the
fundamental solution and a function that describes the distribu-
tion of the body force on the domain. Therefore, for body forces
with more general shapes, the radial basis functions become
advantageous.

Regarding the interpolation functions, the following complete
radial basis functions are tested:

FX;X) = (r/d)(simple radial) 3)
F(X; X) = (r/8)?(cubic radial) 4)
FX;X)=(r/8)* In(r/5)(thin plate radial) (5)

The coefficient ¢ in these previous equations means the greatest
distance between two nodal points.

Since the fundamental solution in the DIBEM is the kernel, the
source point & must have different positions than the information
points to avoid singularities. In fact, the body force is a known
value, thus it can be taken at another position. Considering that
linear boundary elements are used, the values of the body force
are taken at the center.

Similarly to the DRBEM, the proposed method also uses a
primitive function ¥, such as

/ 2E:X)dR = / Caly! (X)dQ2 = / Calyd OmXdl = <ol / WOOdI
Q Q ’ r ’ r

(6)
The numerical evaluation of the previous boundary integral is very
simple. Using Eq. (6) and the well-known BEM procedure for the
discretization, Eq. (1) may be rewritten as:
Hyjur +. Hyply = Gi1Gy —..GipGy = "1 N1+ 2o N+ otn Ny
Hy g +...Hyptt, — Gy qy —...Gypqy = 20 N1 +2a Ny + .20y Ny,
Hyuq +.. . Hppuy, — Gpiqq — .-G, = "1 N1 +"aaNo +."an Ny (7)
In a matrix form, for convenience:
[H){u} - [G]{q} = [A]{N} = {P} (€]
In Eq. (8), the lines of matrix A are comprised by vectors ga, which
may be obtained from following the basic interpolation equation
[FIlFor] = [FAJu €)

Where the matrix A is composed of values of the fundamental
solution. For each source point &, the right hand side of Eq. (9) may
be rewritten as

[FAJu=[A]Flec (10)
Thus, the last two equations can be equaled, resulting in:
Fol=[F"'[FAlFloc = [F]~ '[FA][p] an

For Poisson type problems, it is possible to optimize the computa-
tional operations, since the matrix A s diagonal. In both
boundary formulations, DRBEM and DIBEM, an inverse must be
computed once. However, in the first the construction of two
interpolation matrices and additional products of them by H and
G, both being all full matrices [2], are required. Thus, computa-
tional time is decreased for the DIBEM, which requires only the
product of matrix ¢A versus F~! for each source point.

4. Internal basis points

As happens in the DRBEM, the distribution of the body force p(X)
inside the domain is not well approximated if the interpolation
basis points are taken exclusively on the boundary. A first improve-
ment to the accuracy of the results is simply to introduce basis
points inside the domain, also named poles. Since the DIBEM
interpolates directly all functions that compose the kernel of
the domain integral, including the fundamental solution, a larger
number of internal poles is required for better performance.
However, unlike with the DRBEM, increasing the number of internal
basis points does not alter the results, since the mathematical aim
of the DIBEM is closely similar to an interpolation technique.

5. Least square curve-fitting

The similarity of the DIBEM to a direct interpolation procedure is
advantageous, due to its simplicity. Thus, some auxiliary numerical
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