
Generalized intuitionistic fuzzy interactive geometric interaction
operators using Einstein t-norm and t-conorm and their application to
decision making

Harish Garg
School of Mathematics, Thapar University, Patiala 147004, Punjab, India

a r t i c l e i n f o

Article history:
Received 14 June 2015
Received in revised form 24 June 2016
Accepted 22 August 2016
Available online 24 August 2016

Keywords:
Multi-criteria decision making
Einstein operations
Score function
Intuitionistic fuzzy number
Aggregation operator

a b s t r a c t

The present paper proposes some new geometric aggregation operations on the intuitionistic fuzzy sets
(IFSs) environment. Based on it, a new class of generalized geometric interaction averaging aggregation
operators using Einstein norms and conorms are developed, which includes the weighted, ordered
weighted and hybrid weighted averaging operators. Furthermore, desirable properties corresponding
to proposed operators have been stated. Finally, a multi-criteria decision making (MCDM) problem has
been illustrated to show the validity and effectiveness of the proposed operators. The computed results
have been compared with the existing results.

� 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Decision making is one of the most significant and omnipresent
human activities in business, services, manufacturing, selection of
products, etc. It is understandable that the different attributes in
the decision problem are likely to play different roles in reaching
a final decision. These varying roles are typically reflected at differ-
ent attribute weights in MCDM. But due to the various constraints
in day-today life, decision makers may give their judgements
under the uncertain and imprecise in nature. Thus, there always
exists a degree of hesitancy between the preferences of the deci-
sion making and hence, the analysis conducted under such circum-
stances is not ideal and hence does not tell the exact information to
the system analyst. An IFS theory (Attanassov, 1986), which is an
extension of the fuzzy set theory (Zadeh, 1965), is one of the most
successful theory to handle and describe the uncertainties in the
data in terms of defining their membership and non-membership
grades corresponding to each element in the universe of discourse
(Garg, 2013, 2016d; Garg, Rani, Sharma, & Vishwakarma, 2014; Xu,
2007a, 2007c). The information aggregation process is one of the
important and interesting topic in the phase of the decision making
and which is receiving more and more attention. The weighted
average (WA) and ordered weighted average (OWA) (Yager,
1988; Yager & Kacprzyk, 1997), whose prominent characteristic

is the reordering step, provides a parameterized family of aggrega-
tion operators. In that direction, geometric aggregation operators
in the IFS environment has been presented by Xu and Yager
(2006). Xu (2007a) proposed the various intuitionistic fuzzy aggre-
gation operators. Zhao, Xu, Ni, and Liu (2010) combined Xu and
Yager’s operators and developed their corresponding generalized
aggregation operators. Xia and Xu (2010) proposed a series of intu-
itionistic fuzzy point aggregation operators based on the general-
ized aggregation operators (Zhao et al., 2010). But it has been
analyzed that the above operators used Archimedean t-norm and
t-conorm for the aggregation process. An alter to this, Einstein
based t-norm and t-conorm have a best approximation for sum
and product the intuitionistic fuzzy numbers (IFNs). Wang and
Liu (2012) proposed some geometric as well as averaging aggrega-
tion operator based on weighted and ordered weighted operators
for different IFNs. Zhao and Wei (2013) extended their aggregation
operators by using the hybrid average and geometric operators.
Apart from this, various researchers pay more attention on IFSs
for aggregating the different alternatives using different aggrega-
tion operators (Beliakov, Pradera, & Calvo, 2007; Deshrijver &
Kerre, 2002; Garg, 2015, 2016a, 2016b, 2016c; Garg, Agarwal, &
Tripathi, 2015; He et al., 2014; Liu, 2014; Wei, 2010; Xu & Da,
2003; Xu & Xia, 2003; Yu, 2015; Zhou & Chen, 2011; Zhou, Chen,
Merigo, & Gil-Lafuente, 2012).

The above existing operational laws have been used by the var-
ious researchers but it has been observed that they are not capable
to be used for most of the purposes. For example, consider two IFSs
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A and B such that either the grades of membership or non-
membership of any set is zero, i.e. if either lA ¼ 0 and lB – 0 or
mA ¼ 0 and mB – 0 then by multiplication operation law of intu-
itionistic fuzzy sets we have lA�B ¼ 0 which states that lB does
not play any significant role during the aggregation process. Simi-
larly, by addition operations, we have mA�B ¼ 0 which means that mB
has no effect on the aggregation. Therefore, it can be concluded
from the above study that there exists an undesirable feature of
the existing operators. Another shortcoming of the current aggre-
gation operators is that in their operations no dependency relation
exists between the membership functions. Due to these features,
their corresponding aggregation results are inconsistent to rank
the alternatives. Hence, there is a need to modify these existing
operations by considering the degree of membership functions
properly.

Thus, the present work extends the existing approaches by tak-
ing into the account the pair of proper interactions between the
membership functions by using the Einstein operation laws. There-
fore, the objective is to present operational laws by defining the
new operations on Einstein product and sum by taking the pair
of lA; mB and mA;lB in the non-membership function. The major
advantages of these pairs are that the grade of the non-
membership is superior to the membership function, which shows
the nature of decision maker to be pessimistic. Based on these
laws, we propose some series of averaging geometric operators,
namely, generalized intuitionistic fuzzy Einstein weighted geomet-
ric interaction averaging (GIFEWGIA), ordered weighted (GIFEOW-
GIA) and hybrid weighted (GIFEHWGIA). Finally, an MCDMmethod
based on these proposed aggregation operators has been presented
to show the applicability, utility and validity of the proposed ones.
From the studies, it has been concluded that it can properly handle
the shortcoming of the existing work and hence provides an alter-
native way to find the best alternative using aggregation operators.

The rest of the paper is organized as follows: Basic definitions
related to the IFSs and existing aggregation operators on it are
summarized in Section 2 along with the shortcomings of the exist-
ing operators. The operational laws of IFNs and the information
aggregation methods based on these operational laws are dis-
cussed in Section 3. In Section 4, a method for solving MCDM prob-
lem has been presented using proposed aggregation operators
where attributed values are represented in the forms of IFNs. A
numerical example is illustrated in Section 5 to show the superior-
ity and validity of the new approach. Finally, Section 6 concludes
the paper.

2. Preliminaries

2.1. Intuitionistic fuzzy set

An intuitionistic fuzzy set (IFS) A in a finite universe of discourse
X ¼ fx1; x2; . . . ; xng is (Attanassov, 1986)

A ¼ fhx;lAðxÞ; mAðxÞijx 2 Xg
where lA; mA : X ! ½0;1� represents, respectively, the grades of
membership and non-membership corresponding to the element
x with the conditions 0 6 lAðxÞ; mAðxÞ 6 1, and lAðxÞ þ mAðxÞ 6 1.
For convenience, the pair ðlAðxÞ; mAðxÞÞ is called an intuitionistic
fuzzy number (IFN) (Xu & Yager, 2006; Xu, 2007a). A score S and
an accuracy function H (Xu, 2007a) of IFN A can be represented as
SðAÞ ¼ lA � mA and HðAÞ ¼ lA þ mA. Based on these functions, an
ordered relation between two IFNs, A1 ¼ hl1; m1i and A2 ¼ hl2; m2i,
is defined as follows (Xu & Yager, 2006; Xu, 2007a).

(i) If SðA1Þ > SðA2Þ then A1 � A2.
(ii) If SðA1Þ < SðA2Þ then A1 � A2.

(iii) If SðA1Þ ¼ SðA2Þ then
� If HðA1Þ > HðA2Þ then A1 � A2;
� If HðA1Þ ¼ HðA2Þ then A1 ¼ A2.

As for the IFNs, Xu (2007a) defined the following operators for
aggregating the family of IFNs (a1;a2; . . . ;an) by using weight

vector x ¼ ðx1;x2; . . . ;xnÞT of ai ði ¼ 1;2; . . . ; nÞ and xi > 0 andPn
i¼1xi ¼ 1.

(a) Intuitionistic fuzzy weighted geometric (IFWG) operator

IFWGða1;a2; . . . ;anÞ ¼ ax1
1 � ax2

2 � 	 	 	 � axn
n

¼
Yn
i¼1

ðliÞxi ;1�
Yn
i¼1

ð1� miÞxi

* +

(b) Intuitionistic fuzzy ordered weighted geometric (IFOWG)
operator

IFOWGða1;a2; . . . ;anÞ ¼ ax1
rð1Þ � ax2

rð2Þ � 	 	 	 � axn
rðnÞ

¼
Yn
i¼1

ðlrðiÞÞxi ;1�
Yn
i¼1

ð1� mrðiÞÞxi

* +

where ðrð1Þ;rð2Þ; . . . ;rðnÞÞ is a permutation of ð1;2; . . . ; nÞ
such that arði�1Þ P arðiÞ for all i ¼ 1;2; . . . ;n

(c) Intuitionistic fuzzy hybrid geometric (IFHG) operator

IFHGða1;a2; . . . ;anÞ ¼ _ax1
dð1Þ � _ax2

dð2Þ � 	 	 	 � _axn
dðnÞ

¼
Yn
i¼1

ð _ldðiÞÞxi ;1�
Yn
i¼1

ð1� _mdðiÞÞxi

* +

where _adðiÞ is the ith largest of the weighted intuitionistic
fuzzy values _ai ( _ai ¼ anwi

i ; i ¼ 1;2; . . . ;n)

Based on the definition of IFWG operator, Tan, Yi, and Chen
(2015) introduced the generalized intuitionistic fuzzy weighted
geometric (GIFWG) aggregation operators and is defined as
follows.

GIFWGða1;a2; . . . ;anÞ

¼ 1
k

ðka1Þx1 � ðka2Þx2 � 	 	 	 � ðkanÞxn
� �

¼ 1� 1�
Yn
i¼1

1� ð1� liÞk
� �xi

 !1=k

; 1�
Yn
i¼1

ð1� mki Þ
xi

 !1=k* +

where k > 0 is a real number. Furthermore, if k ¼ 1, then IFWG
operator is a special case of GIFWG operator.

2.2. Einstein operations of IFS

Einstein operations are one of the t-norm and t-conorms which
includes the Einstein sum and product, respectively, as

a� b ¼ aþ b
1þ ab

; a� b ¼ a 	 b
1þ ð1� aÞ 	 ð1� bÞ ; 8 ða; bÞ 2 ½0;1�2

Based on these, the algebraic operations defined on three IFNs
a ¼ ðl; mÞ;a1 ¼ ðl1; m1Þ and a2 ¼ ðl2; m2Þ and k > 0 be a real number,
as (Wang & Liu, 2012)

(i) a1 � a2 ¼ l1l2
1þð1�l1Þð1�l2Þ ;

m1þm2
1þm1m2

D E
(ii) a1 � a2 ¼ l1þl2

1þl1l2
; m1m2
1þð1�m1Þð1�m2Þ

D E
(iii) ka ¼ ð1þlÞk�ð1�lÞk

ð1þlÞkþð1�lÞk ;
2mk

ð2�mÞkþmk
D E

(iv) ak ¼ 2lk

ð2�lÞkþlk ;
ð1þmÞk�ð1�mÞk
ð1þmÞkþð1�mÞk

D E
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