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a b s t r a c t

This article proposes a Kolmogorov–Smirnov type test for proportionality between
the first-order intensity functions of two independent spatial point processes. After
appropriate scaling, the test statistic is constructed by maximizing the absolute difference
between their point densities over a π-system. By treating non-stationary point processes
as transformed from stationary point processes such that all questions of asymptotics
related to the tightness can be answered, the article shows that the resulting test statistic
converges weakly to the absolute maximum of a pinned Brownian sheet. This may be
reduced to the standard Brownian bridge in a special case. A simulation study shows that
the type I error probability of the test is close to the significance level and the power
function increases to 1 as themagnitude of non-proportionality increases. In applications to
two typical natural hazard data, the article concludes that the first-order intensity functions
might be proportional in one case and not in the other.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

This research ismotivated by two typical problems in natural hazards. The first is about the change of wildfire patterns in
forest ecosystemsbefore and after the occurrence of a fewextremely large fires. The second is about the changeof earthquake
patterns in geographic regions before and after a few extremely large earthquakes. Examples include forest wildfires in
North America [30], seismic gaps caused by great earthquakes in the San Francisco Bay Area [5] and in Chile [18], as well as
landslides triggered by great earthquakes in Japan [31].

Motivated by the above two problems, we study a hypothesis testing problem between two spatial point processes. We
assume that dependence between the two processes can be ignored but the dependence within them cannot. We model
the dependence within the processes by clusters or inhibitions. Both are important in practice. For instance, earthquake
occurrences are often close to each other in space and time because main-shock earthquakes are often accompanied by
aftershock earthquakes [21,23,34]. Forest wildfire occurrences may also be close to each other in both space and time
because of similarity of local climates and environments [15]. Therefore, it is necessary to address clusters or inhibitions
in our approach.

Spatial point processes are important in a variety of scientific phenomena. Examples include human or animal
diseases [1,8], forest wildfires [24,28], regional earthquakes [22], tree locations [32], and many others. In the literature,
point distributions and dependence structures are often modeled by intensity functions [7]. Examples include estimation
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of the first-order [6] or second-order intensity function [2], and tests for stationarity [11,33] or isotropy [12]. Popular
measurements for interpoint dependence such as the usual K -function [25,26], L-function [3], and pair correlation
function [29] have been proposed. These measurements have been extensively used previously [13,27]. However,
approaches for the relationship between a few spatial point patterns have not been investigated in detail.

To study this relationship, we propose a formal test about whether the first-order intensity functions of two independent
spatial point processes are proportional. We propose a Kolmogorov–Smirnov type statistic to test proportionality. The
p-value is calculated using the statistic’s asymptotic null distribution. After appropriate scaling, the test statistic is
constructed by maximizing the absolute difference between their point densities over a π-system. With a particular choice
of π-system, the asymptotic null distribution may be reduced to the distribution of the absolute maximum of the standard
Brownian bridge, which has a closed form Taylor expansion [16].

We evaluate the properties of our test by simulations and applications. In simulations, we study type I error probabilities
and power. We conclude that the type I error probabilities are always close to the significance level and the power function
always increases to 1 as the magnitude of non-proportionality increases. For illustration, we consider a forest wildfire and
an earthquake example. In the first case, we compare wildfire patterns in Alberta, Canada before and after an extremely
large wildfire occurred in 2002. We conclude that the wildfire patterns are almost proportional. In the second example, we
compare earthquake patterns of a certain area in the IndianOcean before and after the Great Sumatra–Andaman Earthquake,
which occurred on December 26, 2004 and killedmore than 230,000 people [17]. We conclude that the earthquake patterns
are not proportional, implying that a change occurred.

To the best of our knowledge, our approach is the first formal test for proportionality between two spatial point processes.
As the test statistic is nonparametric and independent of the shape of the region, our approach can be easily implemented to
study natural hazards in any given geographical region. As the computation of the test statistic does not contain estimates
of intensity functions, our approach avoids the complicated nonparametric estimation problem.

The article is organized as follows. In Section 2, we propose our test statistic and derive its asymptotic null distribution. In
Section 3, we evaluate the performance of our test statistic by Monte Carlo simulations. In Section 4, we apply our approach
to the Alberta forest wildfire data and the Indian Ocean earthquake data. In Section 5, we provide a discussion.

2. Method

We review a few important concepts of spatial point processes in Section 2.1, propose our test statistic in Section 2.2,
and derive its asymptotic null distribution in Section 2.3. All of those are important in our approach.

2.1. Spatial point process

Let S ⊆ Rd be measurable. A spatial point process N on S is composed of random points in S. Let B(S) be the collection
of all Borel sets of S and N (A) be the number of points in A ∈ B(S). If A is bounded, then N (A) is finite. The distribution of
N can be theoretically defined through the counting measure approach which is available in many textbooks. The kth order
intensity function of N (if it exists) is defined as

λk(s1, . . . , sk) = lim
d(Usi )→0,i=1,...,k

E


k
i=1

N (Usi)


k

i=1
|Usi |

,

where s1, . . . , sk ∈ S are distinct, Us is a neighbor of s, |Us| is its Lebesgue measure, and d(Us) is the diameter of Us. The
spatial point processN is strongly stationary if for any A1, . . . , Ak ∈ B(S) the joint distribution ofN (A1+s), . . . ,N (Ak+s)
does not depend on s.

The mean structure of N is

µ(A) = E{N (A)} =


A
λ(s)ds,

where λ(s) = λ1(s) is the first-order intensity function. The covariance structure of N is

cov{N (A1),N (A2)} =


A1


A2

{g(s1, s2)− 1}λ(s1)λ(s2)ds2ds1 + µ(A1 ∩ A2),

where g(s1, s2) = λ2(s1, s2)/{λ(s1)λ(s2)} is the pair correlation function. The covariance function of N is

Γ (s1, s2) = {g(s1, s2)− 1}λ(s1)λ(s2)+ λ(s1)δs1,s1(s2, s2),
where δs,s represents the point measure at (s, s) ∈ S × S.

Let G be the probability generating function of N defined as

G(ϕ) = E

exp


S

lnϕ(s)dN (s)

,
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