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1. Introduction

Given a random sample on the circle @4, ..., &, € [—m, ) from an unknown density f(0). The kernel density estimator
(KDE) on the circle is defined as

R 1 <
fe®)= - ;me - e,

where K,.(0) is a symmetric kernel function, and « is a concentration parameter that plays the role of a smoothing parameter,
and corresponds to the inverse of bandwidth on the real line. )

Now, we describe the theoretical properties of a standard KDE on the real line. The standard KDE is given by fy(x) :=
n”ZiKh(x — X;)x € R, where h is a bandwidth and Kj(x — X;) := h~'K((x — X;)/h) x € R is a symmetric kernel function on
the real line. The criterion for the error between the standard KDE and the density on the real line f(x) is the mean integrated
squared error (MISE): MISE[f;] := fR MSE[fn(x)]dx where, MSE[fy(x)] := Ef[{fu(x) — f(x)}*] is the mean squared error. The
bias of the standard KDE is expressed as

p/2
biasy [fu(x)] = Y _ W (K)FPO(x)/{(20)1) + o(P).
t=1
We introduce a standard pth-order kernel function K on the real line, such that ao(Kp)) = 1, ao(Kp) = 00 < ¢ <
p, and ap(Kp)) # 0, where a(K) = fR K(x)x'dx is the tth moment of the kernel on the real line K(x). This improves the
bias that is bias[fu(x)] = hPo,(K FP(x)/(p!) + o(hP). However, no pth-order kernel functions Kip) can improve the variance

Vary [fh(x)] = 0((nh)~"). When a pth-order kernel function K is employed, these results imply that the convergence rate of
the MISE for the standard KDE is O(n—2P/(2p+1)),
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The authors of Di Marzio et al. (2011) defined a pth sin-order kernel function as a kernel function that satisfies 7;(K, ) = 0
for0 < j < p and n,(K.) # 0, where n;(K.) = ff sin(9)K,(6)d6 are ]th sin-order moments. They derived the MISE for
the KDE on the circle f,: MISE[f,(6)] := [”_MSEIf,(6)]d, where MSE[f(8)] := Ef[{f.(8) — f(6)}*], and showed that the
convergence rate of the MISE for the von Mises (VM) kernel (the second sin-order kernel) is O(n~#/>). They argued that sin-
order kernel functions do not necessarily yield smaller biases. In other words, the order p of the pth sin-order kernel function
does not generally correspond to the convergence rate of the MISE. For example, Tsuruta and Sagae (2017) indicated that
the rate of the wrapped Cauchy kernel (the second sin-order kernel) for the optimal MISE’s rate is O(n~2/3). They succeeded
in constructing higher-order kernels and improving the bias through “Twicing”: the bias reduction technique.

In the next section, we introduce a new class of pth-order kernel functions with new moments. The convergence rate of
the MISE of f, using such a kernel is O(n=2/P*1), In addition, f, also has the property of asymptotic normality.

We show that higher-order KDEs can be constructed by applying either the additive method from Jones and Foster
(1993) or the multiplicative method from Terrell and Scott (1980) to our kernel functions. The two methods are standard
ways of constructing higher-order KDEs on the real line, and are frequently employed in practical analyses. Our simulation
demonstrates that these higher-order KDEs exhibit better properties than the second-order KDE as n becomes larger.

2. Properties of higher-order kernel density estimators

We stand with the definition of a kernel function for circular data as proposed by Hall et al. (1987).

Definition 1. A function K,.(6) : [ n ) — Ris said to be a kernel function. Let K,.(6) denote K,.(6) := CK‘1(L)LK(9), where
L.(0) .= L(k{1 — cos(8)}) and C,( f L,.(6)d6. We define the Ith moment of L as

o0
ity i= [ L,
0

where [ > 0iseven and r = k{1 — cos(f)}. The main term L satisfies the following four conditions.

(i) The derivative L'(r) := dL(r)/dr is continuous.
(ii) L(r)r+12 — 0asr — oc.
(iii) The term 8(L) := [ [*(z%/2)z*dz is bounded for t =0, 1.
(iv) Let v > 0 denote any even number. Then, (L) is bounded for 0 < I < v and ui(L) = g, (L) + O(k ~"*+2/2), where
(L) = [y Lr)r="72dr.
The condition (i) and (ii) are required to obtain the partial integral [*L'(r)r®+1/2dr = —(j + 1)p,(L)/2. The term 8(L)

represents the constant of the variance of fK The condition (iv) is employed to derlve the bias of fK
We now define the pth-order kernel function.

Definition 2 (pth-order Kernel Function). Let p > 2 be an even number. Then, we say that K, (6) is a pth-order kernel if
v >p+2,and
wo(l) Z#0, w(l)=0, 1=2,4,...,p—2 and wu(L)#£0 I=p
We have the following result for determining properties for fK using a pth-order kernel function.
Theorem 1. Assume that the following conditions hold:
(i) k = k(n)and lim,_, .k (n) = oo,
(11 lim,_, o0~ 'k /2(n) = 0,

)
)
(iii) f is (p + 2)th differentiable and f*) is square-integrable,s = 1,2, ..., p,
(iv) K, is a p th-order kernel function.
Then, MISE is given by

L) 22, by aef @0
150 2t!

MISE[f,] = );c—l’ +n % 2d(L) + o(k P + n Tk 1?).

t=1

The first two terms of the above are referred as AMISE [fK]. The minimizer «* of AMISE [fk] is equal to

o [21% RO by 2ef 2f>/(2t!)])nr e

pg(Ld(L)

Thus, the optimal MISE for the KDE f, with a p th-order kernel is O(n=2/(2p+1)),
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