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1. Introduction

Factorial experiments have wide applications in many areas of research. Factorial designs were introduced and popular-
ized by Fisher (1935). The early authors were Bose and Kishen (1940), Bose (1947), Nair and Rao (1948), Shah (1958) and
some more. A comprehensive discussion on complete factorials and that on fractional designs can be obtained in Gupta and
Mukerjee (1989) and Dey and Mukerjee (1999) respectively.

An outlying observation is one which does not fit in with the pattern of the remaining observations in a data set. The
problem here is to find factorial designs insensitive to the presence of such an outlier.

John (1978) discussed methods of detecting outliers in the factorial setup. Ghosh and Kipngeno (1985) studied the
sensitivity of the optimum balanced resolution V plans for 2™ factorials to outliers, using the measure suggested by Box
and Draper (1975), and observed that such designs are robust.

In the present article an attempt has been made to study the robustness of factorial designs for the estimation of
a complete set of orthonormal treatment contrasts, ¥, representing factorial effects, against the presence of an outlier.
Complete factorials in blocks and fractional factorials without and with blocks are studied in this respect.

The article is organized as follows:

In Section 2, the parameters of interest in a factorial design, viz. the main effects and interactions, are introduced. In
Sections 3 and 4, robustness of complete factorials and fractional factorials are respectively studied. Section 5 contains
robustness of fractional factorials in blocks.

2. The factorial setup

Consider a factorial experiment involving n factors, Fy, F,, ..., F,, at my, my, ..., m, (> 2) levels respectively. Let the
levelsof FFbecodedas0, 1,...,mi—1(1 <i<n).Llet2 = {X=(X1,X2, ..., X)) : X, =0,1Vi=1,2,...,n,(X1,X2, ..., Xn) #

* Corresponding author.
E-mail addresses: amristat@gmail.com (A. Biswas), dasp50@yahoo.co.in (P. Das), mandalnk2001@yahoo.co.in (N.K. Mandal).

http://dx.doi.org/10.1016/j.spl.2017.06.005
0167-7152/© 2017 Elsevier B.V. All rights reserved.


http://dx.doi.org/10.1016/j.spl.2017.06.005
http://www.elsevier.com/locate/stapro
http://www.elsevier.com/locate/stapro
http://crossmark.crossref.org/dialog/?doi=10.1016/j.spl.2017.06.005&domain=pdf
mailto:amristat@gmail.com
mailto:dasp50@yahoo.co.in
mailto:mandalnk2001@yahoo.co.in
http://dx.doi.org/10.1016/j.spl.2017.06.005

A. Biswas et al. / Statistics and Probability Letters 129 (2017) 326-334 327

(0,0,...,0)} bethesetof all n-component non-null binary vectors. It is easy to see that there is a one-to-one correspondence
between £2 and the set of all interactions (cf. Gupta and Mukerjee, 1989), in the sense that a typical interaction F; F;, . . -Fi,
(1 <i <ip < -+ <ig <n1 < g < n)corresponds to the element X = (x1,X2,...,%,) of £ such that
Xy =X, =--- =X, = landx, = 0foru # i, i, ..., ig. Thus, the 2" — 1 interactions may be denoted by F*,x € 2.A
typical selection of levelsj = (ji,jo, ...,Jn), 0 <ji < m;j—1,1 < i < n,will be termed the jth treatment combination and the
effect due to this treatment combination will be denoted by t(j1, j2, . - ., jn). T is the vector of all possible level combinations.
Now, the treatment contrasts belonging to the interactions are conveniently represented making use of Kronecker products,
as indicated below.

Foreachx € £2, let

n
M =M @M} ® - @ My" = (X) M}, (2.1)
i=1
where ® denotes Kronecker product and for 1 <i < n,
M =L —m ') ifx =1

1

= mf]ji ifX,‘ =0. (22)

Here [; is the identity matrix and J; is the matrix of 1s, both of order m; x m;. For each x € £2, the elements of M*t represent
a complete set of treatment contrasts belonging to the interaction F* (cf. Gupta and Mukerjee, 1989).

Another equivalent representation may be given in terms of orthonormal contrasts. For 1 < i < n, let 1; be the m; x 1
vector with all elements unity and P; be an (m; — 1) x m; matrix such that the m; x m; matrix (m;]/zli, P}) is orthogonal.
For each x € £2, let

n
=P (2.3)
i=1
where for1 <i <n,
P;(i =P; ifX,‘ =1
_ 24
= m; "1 ifx; = 0. (24)

i

For every i, it follows that

p;f’p;‘i = MY (2.5)

1

and that for every x € £2,

PYP* = M*. (2.6)
Note that forevery X,y € 2 andx #y,

PP =1, PPY =0, (2.7)
where 0 is the null matrix of appropriate order. Using the above facts, the factorial effects can be represented as follows (cf.

Gupta and Mukerjee, 1989, Page 7).

Result 2.1. For each x € 2, P*t represents a complete set of orthonormal treatment contrasts belonging to the interaction FX.

3. Robustness of complete factorial designs in blocks

A factorial experiment is called a complete factorial when each treatment combination is applied to at least one
experimental unit. In this section, we try to find robust designs in the class of complete factorial experiments.

In the block design setup, let there be b blocks of sizes k each and v treatments, 1,2, ..., v. Let D}*", D’z’X” be the
incidence matrices of treatments vs. observations and blocks vs. observations respectively and N**b = DD, = ((ny)) be
the corresponding treatments vs. blocks incidence matrix with elements n;, denoting the number of times the ith treatment
occurs in the jth block,i = 1,...,vandj = 1,2,...,b.1,J and 1 are respectively the identity matrix, the matrix with all
elements 1 and the vector of ones, of suitable orders.

Consider the fixed effects additive model

Y=pul+DiT+D,B+e, (3.1)

where e is the random error vector with E(e) = 0 and D(e) = &I, is an additive constant, T = (ty, ..., 7,) is the vector
of unknown treatment effects and g is the vector of unknown block effects. If C denotes the characteristic matrix of the
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