
Statistics and Probability Letters 121 (2017) 136–142

Contents lists available at ScienceDirect

Statistics and Probability Letters

journal homepage: www.elsevier.com/locate/stapro

A note on symmetrization procedures for the laws of large
numbers
Deli Li a, Han-Ying Liang b,∗, Andrew Rosalsky c

a Department of Mathematical Sciences, Lakehead University, Thunder Bay, Ontario, Canada
b School of Mathematical Science, Tongji University, Shanghai 200092, China
c Department of Statistics, University of Florida, Gainesville, FL, USA

a r t i c l e i n f o

Article history:
Received 11 January 2016
Received in revised form 13 October 2016
Accepted 14 October 2016
Available online 26 October 2016

MSC:
60F15
60F05
60B12
60G50

Keywords:
Weak and strong laws of large numbers
Row sums from an array of rowwise
independent B-valued random variables

Symmetrization procedure

a b s t r a c t

In this note, general symmetrization procedures for both the weak and strong laws of
large numbers concerning the row sums from arrays of rowwise independent Banach space
valued random variables are established. Necessary and sufficient conditions are provided
for the weak and strong laws of large numbers to hold in terms of corresponding laws of
large numbers for a symmetrized version of the array. Several corollaries of themain result
are provided.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction and the main results

Let (Ω, F , P) be a probability space and let (B, ∥ · ∥) be a real separable Banach space equipped with its Borel σ -algebra
B ( = the σ -algebra generated by the class of open subsets of B determined by ∥ · ∥). A B-valued random variable X is
defined as a measurable function from (Ω, F ) into (B, B).

Symmetrization procedures are among the most basic and powerful tools in probability theory, particularly in the study
of the limit theorems for sums of random variables. A simple symmetrization procedure for the strong law of large numbers
(SLLN) was simultaneously and independently stated in Ledoux and Talagrand (1991) and Li (1988). Let {Yn, n ≥ 1} be a
sequence of B-valued random variables and let {Y ′

n; n ≥ 1} be an independent copy of {Yn; n ≥ 1}. It follows from either
Lemma 7.1 of Ledoux and Talagrand (1991) or Theorem 3 (3.3) of Li (1988) that

Yn → 0 almost surely (a.s.) if and only if Yn − Y ′

n → 0 a.s. and Yn →P 0, (1.1)
where ‘‘→P’’ stands for convergence in probability.

It is natural then to ask whether one can find an analogous result for the weak law of large numbers (WLLN). Also, if we
only know that Yn − Y ′

n → 0 a.s., can we conclude that
Yn − yn → 0 a.s.
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for some sequence {yn; n ≥ 1} of B-valued elements? For B = R, it follows from the classical weak symmetrization
inequalities (see, e.g., Gut, 2013, p. 134) that

Yn − µn →P 0 if and only if Yn − Y ′

n →P 0,

where µn is a median of the random variable Yn, n ≥ 1. Also it follows the classical strong symmetrization inequalities (see,
e.g., Gut, 2013, p. 134) that

Yn − µn → 0 a.s. if and only if Yn − Y ′

n → 0 a.s.

In this note, general symmetrization procedures for the WLLN and SLLN for the row sums from an array of rowwise
independentB-valued randomvariables are established in the following theoremwhich is themain result. No independence
conditions are imposed on the random variables from different rows of the array.

Theorem 1.1. Let {mn; n ≥ 1} be a sequence of positive integers. Let {Xi,n; 1 ≤ i ≤ mn, n ≥ 1} be an array of B-valued
random variables such that for each n ≥ 1, Xi,n, . . . , Xmn,n are independent. Let {X ′

i,n; 1 ≤ i ≤ mn, n ≥ 1} be an independent
copy of {Xi,n; 1 ≤ i ≤ mn, n ≥ 1}. Write X̂i,n = Xi,n − X ′

i,n, 1 ≤ i ≤ mn, n ≥ 1. Let α be a positive real number such that

lim sup
n→∞

max
1≤i≤mn

P

∥Xi,n∥ > α


<

1
2
. (1.2)

Then the following two symmetrization procedures hold:

(i) Symmetrization procedure for the WLLN:

mn
i=1

Xi,n −

mn
i=1

E

Xi,nI{∥Xi,n∥ ≤ 2α}


→P 0 (1.3)

if and only if

mn
i=1

X̂i,n →P 0. (1.4)

(ii) Symmetrization procedure for the SLLN:

mn
i=1

Xi,n −

mn
i=1

E

Xi,nI{∥Xi,n∥ ≤ 2α}


→ 0 a.s. (1.5)

if and only if

mn
i=1

X̂i,n → 0 a.s. (1.6)

Theorem 1.1 allows us to obtain laws of large numbers for
mn

i=1 Xi,n, n ≥ 1 by restricting consideration to symmetric
random variables and by obtaining corresponding laws of large numbers for

mn
i=1 X̂i,n, n ≥ 1. To the best of our knowledge,

Theorem 1.1 (especially Theorem 1.1(i)) is new even when B = R. The following result follows immediately from
Theorem 1.1.

Corollary 1.1. Under the assumptions of Theorem 1.1, we have

mn
i=1

Xi,n → 0 a.s. (resp., in probability)

if and only if

lim
n→∞

mn
i=1

E

Xi,nI{∥Xi,n∥ ≤ 2α}


= 0 and

mn
i=1

X̂i,n → 0 a.s. (resp., in probability).

For the special case where mn = 1, n ≥ 1, we have the following result, which answers the two questions posed above
in a Banach space setting provided there exists α > 0 satisfying (1.7).
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