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Abstract

We study the transition probability, say pn
A(x, y), of a one-dimensional random walk on the integer

lattice killed when entering into a non-empty finite set A. The random walk is assumed to be irreducible
and have zero mean and a finite variance σ 2. We show that pn

A(x, y) behaves like [g+

A (x)g +

A (y) +

g−

A (x)g −

A (y)](σ 2/2n)pn(y − x) uniformly in the regime characterized by the conditions | x | ∨ | y |=

O(
√

n) and | x | ∧ | y |= o(
√

n) generally if xy > 0 and under a mild additional assumption about the
walk if xy < 0. Here pn(y − x) is the transition kernel of the random walk (without killing); g±

A are the

Green functions for the ‘exterior’ of A with ‘pole at ±∞’ normalized so that g±

A (x) ∼ 2 | x | /σ 2 as

x → ±∞; and g ±

A are the corresponding Green functions for the time-reversed walk.
c⃝ 2017 Elsevier B.V. All rights reserved.
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1. Introduction and main results

This paper concerns the transition probability of a one-dimensional random walk on the
integer lattice Z killed on a finite set A. For random walks on the d-dimensional integer lattice
Zd , d ≥ 1 killed on a finite set H. Kesten [7] obtained, among others, the asymptotic form of the
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transition probability under a quite general setting. For the important case of one dimensional
random walk with zero mean and finite variance, however, his result is restricted to the special
case when A consists of a single point. In this paper we extend it to every finite set A. Our
result is stronger than his in another respect: the asymptotic estimate is valid uniformly for space
variables within a reasonable range of relevant variables. It is incidentally revealed that according
as the third absolute moment of the increment variable is finite or not, the walk killed at the origin
exhibits qualitatively different behaviour as the starting and landing positions are taken far from
the origin in the opposite directions from each other (see Remark 2 near the end of this section).

Our method of proof is quite different from that of Kesten [7]. In [7] a compactness argument
is used as a basic tool. Our proof reflects the behaviour of random walk path. It rests on the
results of [12] in which the same problem as the present paper is studied but with A = {0} and
an asymptotic form of the transition probability valid uniformly for space variables is obtained.
The same method is applied in [13] to higher dimensional random walks to obtain a similar
strengthening of Kesten’s result. For multidimensional Brownian motions the corresponding
problem is studied by [3] for space variables restricted to compact sets and by [14] without
any restriction as such.

Let Sn = S0 + X1 + · · · + Xn, n = 1, 2, . . . be a random walk on the one-dimensional
integer lattice Z. Here the increments X j are i.i.d. Z-valued random variables defined on some
probability space (Ω , F , P) and the initial state S0 is an integer left unspecified for now. As
usual the law with S0 = x of the walk (Sn) is denoted by Px and the corresponding expectation
by Ex . Throughout this paper we suppose that the random walk (Sn) is irreducible, namely for
every x ∈ Z, P0[Sn = x] > 0 for some n > 0, and that

E X = 0 and 0 < σ 2
:= E X2 < ∞. (1.1)

Here as well as in what follows X is a random variable having the same law as X1 and E the
expectation w.r.t. P .

Let p(x) = P[X = x] and pn(x) = P0[Sn = x] so that for y ∈ Z,

Px [Sn = y] = pn(y − x) and p0(x) = δx,0,

where δx,y equals unity if x = y and zero if x ≠ y. For a non-empty finite subset A of Z, let
pn

A(x, y) denote the transition probability of the walk Sn killed upon entering A, defined by

pn
A(x, y) = Px [Sk ∉ A for 1 ≤ k ≤ n and Sn = y], n = 0, 1, 2, . . . .

Thus p0
A(x, y) = δx,y (even if y ∈ A); and pn

A(x, y) = 0 whenever y ∈ A, n ≥ 1.
Let a(x) be the potential function of the walk defined by

a(x) = lim
n→∞

n
k=0

[pk(0) − pk(−x)].

It is convenient to bring in

aĎ(x) := δx,0 + a(x).

The result of Kesten [7] mentioned above implies that for each x and y ≠ 0, as n → ∞

lim
n→∞

pn
{0}

(x, y)

f0(n)
= aĎ(x)aĎ(−y) +

xy

σ 4 , (1.2)
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