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Abstract

For a wide class of continuous-time Markov processes evolving on an open, connected subset of R4, the
following are shown to be equivalent:

(1) The process satisfies (a slightly weaker version of) the classical Donsker—Varadhan conditions;
(i1) The transition semigroup of the process can be approximated by a finite-state hidden Markov model,
in a strong sense in terms of an associated operator norm;
(iii) The resolvent kernel of the process is ‘v-separable’, that is, it can be approximated arbitrarily well in
operator norm by finite-rank kernels.

Under any (hence all) of the above conditions, the Markov process is shown to have a purely discrete
spectrum on a naturally associated weighted L, space.
© 2016 Elsevier B.V. All rights reserved.
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1. Introduction

Consider a continuous-time Markov process ® = {&(r) : + > 0} taking values in an open,
connected subset X of RY, equipped with its associated Borel o-field B. We begin by assuming
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that @ is a diffusion; that is, it is the solution of the stochastic differential equation,
do(t) =u(®(t))dt + M(P())dB(t), t >0, ¢(0)=x, (1)

where u = (uy, up, . ..,ud)T X > RYand M : X —> RY x R are locally Lipschitz, and
B = {B(t) : t = 0} is k-dimensional standard Brownian motion. [Extensions to more general
Markov processes are briefly discussed in Section 1.4.] Unless explicitly stated otherwise,
throughout the paper we assume that:

The strong Markov process ® is the unique strong solution of (1)} (A1)

with continuous sample paths.

The distribution of the process ® is described by the initial condition #(0) = x € X and the
transition semigroup {P'}: Forany t > 0,x € X, A € B,

Pl(x, A) =P, {®() € A} :=Pr{d(t) € A | $(0) = x}.

Recall that the kernel P! acts as a linear operator on functions f : X — R on the right and on
signed measures v on (X, B) on the left, respectively, as,

P f(x)= f FO)P (x,dy), vP' (A) = / v(dx)P'(x,A), xeX, AebB,

whenever the above integrals exist. Also, for any signed measure v on (X, B) and any function
f X — Rwewrite v(f) := [ fdv, whenever the integral exists. In this paper we will constrain
the domain of functions f to a Banach space defined with respect to a weighted L, norm.

One of the central assumptions we make throughout the paper is the following regularity
condition on the semigroup:

The transition semigroup admits a continuous density: There is a
continuous function p on (0, 0c0) x X x X such that,

(A2)
P'(x, A) = / p(t,x,y)dy, xeX, AeB.
A
Hormander’s theorem [29, Thm. 38.16] gives sufficient conditions for (A2). Explicit bounds on
the density are also available; see [26] and its references.

1.1. Irreducibility, drift, and semigroup approximations

The ergodic theory of continuous-time Markov processes is often most easily addressed by
translating results from the discrete-time domain. This is achieved, e.g., in [8,22,23,21] through
consideration of the Markov chain whose transition kernel is defined by one of the resolvent
kernels of ®, defined as,

o0
R, :=/ e P dt, o>0. 2
0

In the case o« = 1 we simply write R := R| = fooo e " P'dt, and call R “the” resolvent kernel
of the process ®.

The family of resolvent kernels {Ry} is simply the Laplace transform of the semigroup, so
that each R, admits a density under (A2). This density will not be continuous in general, so we
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