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basis functions, namely the wavelets. The coarse-grained (CG) force field is hierarchically
decomposed at different resolution levels enabling to choose the most appropriate wavelet

ﬁg}gﬁﬁfg; dynamics family for each physical interaction without requiring an a priori knowledge of the details
Coarse graining localization. The representation of the CG potential in this new efficient orthonormal
MSCG basis leads to a compression of the signal information in few large expansion coefficients.
Multiresolution analysis The multiresolution property of the wavelet transform allows to isolate and remove the
\S’VB‘VE!?S noise from the CG force-field reconstruction by thresholding the basis function coefficients
parsity

from each frequency band independently. We discuss the implementation of our wavelet-
based MSCG approach and demonstrate its accuracy using two different condensed-phase
systems, i.e. liquid water and methanol. Simulations of liquid argon have also been
performed using a one-to-one mapping between atomistic and CG sites. The latter model
allows to verify the accuracy of the method and to test different choices of wavelet
families. Furthermore, the results of the computer simulations show that the efficiency and
sparsity of the representation of the CG force field can be traced back to the mathematical
properties of the chosen family of wavelets. This result is in agreement with what is known
from the theory of multiresolution analysis of signals.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Despite the tremendous increase in computer power and algorithms efficiency, an adequate investigation of many com-
plex systems remains well beyond the present capabilities of conventional atomistic simulation methods. To overcome this
problem, in the recent years, coarse-grained (CG) models have become very popular. In these models, groups of atoms are
clustered into new CG sites and averaging over less important details allows to focus on essential features, consequently
obtaining a significant jump in the accessible spatial/temporal scales.
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In the CG approach, a mapping operator (typically the center of mass or the center of geometry of a set of atoms) is
used to define the location of each CG site in an atomistic system as a function of the positions of the atoms. Then the key
issue is the choice of the properties used to link the models of different resolutions. Several CG techniques are based on a
“bottom-up” approach which employs information from the atomistic model to construct the potential for a CG model of
the corresponding system.

A straightforward and popular approach is the Boltzmann inversion [1], together with its extensions like iterative
Boltzmann inversion and inverse Monte Carlo method [2,3]. Another class of CG methods uses variational approaches to
determine in a systematic way the CG potential within a rigorous statistical mechanical framework, such as the Multiscale
Coarse-Graining (MSCG) introduced by Izvekov and Voth [4,5].

The basic assumption of the MSCG method is that the atomistic and the coarse-grained canonical distribution functions
are compatible. The compatibility condition between CG and all-atom (AA) models is obtained by requiring that the prob-
ability to find the CG system in a given configuration is equal to the probability to find the AA system in the subset of AA
configurations corresponding to the CG reduction defined by the mapping operator [6-8].

The MSCG force field is determined by minimizing a defined variational residual which generates a linear least-squares
problem. The resulting inverse problem is solved by choosing an appropriate basis set of functions. The numerical imple-
mentation of the variational principle in MSCG can become a hard demanding task. There are two main challenges that
arise by solving the least-squares problem. First, with a uniform grid, the huge number of equations requires an enormous
amount of storage memory and computational power. Secondly, especially for complex systems, a poor sampling can induce
statistical noises in the construction of the CG potential or in the worst case a degeneracy of the solution. Lu et al. have
discussed in great details different new algorithms aiming at enhancing the efficiency and the stability of the MSCG com-
putations [9]. In particular, they proposed various dense and sparse matrix algorithms to speed up the calculations and to
regularize ill-posed MSCG problems.

In the present paper, we introduce a rigorous framework for the use of the wavelet transform in the context of the
multiresolution analysis (MRA) for implementing the MSCG variational principle. This approach represents an innovative
way to address the problems related to the sparsity of the CG potential representation. In a slightly different context,
Ismail et al. introduced a coarse-graining methodology based on the wavelet transform, as a method for sampling polymer
chains [10].

Thank to the MRA, the CG force field is decomposed at multiple space-scales simultaneously through a sequence of
nested vector spaces to reflect the actual physical processes underlying the observed behavior as closely as possible. More-
over, the wavelet transform produces excellent results in signal denoising [11,12]. By shrinking or suppressing the wavelet
coefficients under a predetermined threshold we are able to reduce the noise strongly.

The paper is organized in the following manner. Section 2 is devoted to the MSCG theory. In Section 3, wavelets as new
basis functions are introduced. In Section 4, the implementation of the wavelet-based MSCG approach and the demon-
stration of its accuracy is discussed using two different condensed-phase systems, namely liquid water and methanol.
Simulations of liquid argon were performed to test different wavelets properties. Finally, the last two Sections 5 and 6
contain discussion and conclusions, respectively.

2. The MSCG method: background

The first step in the construction of a CG force field is the reduction of the degrees of freedom of the atomistic system by
means of a map that groups atoms into CG sites generally called beads. Let r = {rj, ..., r;} be the Cartesian coordinates of
an instantaneous configuration of our atomistic model, composed by n atoms, and let R={Ry, ..., Ry} be the corresponding
state of our CG model composed by N CG sites. The configuration of the CG system is specified by a linear mapping operator
M(r) = {M;(r), ..., My(r)} of the form

n
M;(r) =) ciri=R; forl=1,....N. (1)
i=1
The CG site I is composed by all the atoms i such that cj; # 0. The numerical value of the coefficients is typically chosen
so that Ry is either the center of mass or the geometrical center of the bead I. A basic assumption of the CG approach is
that the atomistic and the coarse-grained canonical distribution functions are compatible. Equating AA and CG canonical
distribution functions brings to the following effective potential U¢ of the CG system:

UCR) =—p! ln/e—f’”“)a(R— M(r))dr . (2)

It is also called potential of mean force (PMF) and represents the free energy of the atomistic system conditioned to the
surface M(r) = R. It is defined only up to an arbitrary additive constant. The PMF defines the CG force field through the
relation:

aUcG
oR;
where F;(R) is the force acting on the CG site I.

Fi(R) = —

(3)
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