
A discontinuous/continuous low order finite element shallow water
model on the sphere

Peter D. Düben a,b,⇑, Peter Korn a, Vadym Aizinger a

a Max-Planck-Institut für Meteorologie, Bundesstrasse 53, 20146 Hamburg, Germany
b International Max Planck Research School on Earth System Modelling, Hamburg, Germany

a r t i c l e i n f o

Article history:
Received 17 August 2011
Received in revised form 11 November 2011
Accepted 12 November 2011
Available online 19 November 2011

Keywords:
Finite element
Shallow water equations
Discontinuous Galerkin
Riemann solver
Spherical geometry
Geostrophic balance
Stereographic projection

a b s t r a c t

We study the applicability of a new finite element in atmosphere and ocean modeling. The
finite element under investigation combines a second order continuous representation for
the scalar field with a first order discontinuous representation for the velocity field and is
therefore different from continuous and discontinuous Galerkin finite element approaches.
The specific choice of low order approximation spaces is attractive because it satisfies the
Ladyzhenskaya–Babuska–Brezzi condition and is, at the same time, able to represent the
crucially important geostrophic balance.

The finite element is used to solve the viscous and inviscid shallow water equations on a
rotating sphere. We introduce the spherical geometry via a stereographic projection. The
projection leads to a manageable number of additional terms, the associated scaling factors
can be exactly represented by second order polynomials.

We perform numerical experiments considering steady and unsteady zonal flow, flow
over topography, and an unstable zonal jet stream. For ocean applications, the wind driven
Stommel gyre is simulated. The experiments are performed on icosahedral geodesic grids
and analyzed with respect to convergence rates, conservation properties, and energy and
enstrophy spectra. The results match quite well with results published in the literature
and encourage further investigation of this type of element for three-dimensional atmo-
sphere/ocean modeling.

� 2011 Elsevier Inc. All rights reserved.

1. Introduction

Finite element (FE) schemes are successfully employed in numerous computational fluid dynamics applications. FE meth-
ods rely on a powerful mathematical apparatus and offer a good representation of the physical fields that are approximated
using sets of basis functions of chosen accuracy. FE methods are applicable to unstructured grids and can accommodate grid
refinement.

Today most dynamical cores of global atmosphere and ocean models are based on finite difference, or spectral transform
schemes – mostly due to the ease of implementation and computational efficiency [4,26]. Compared to those discretization
methods, FE schemes allow more flexibility with regard to unstructured or locally refined grids and can approximate phys-
ical fields with higher order polynomials. There are dynamical cores of global ocean or atmosphere models based on FE
schemes using continuous low order finite elements methods [10], spectral elements [33], or discontinuous Galerkin (DG)
FE methods [11,13,23,19].
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Global scale presents special challenges for the dynamical core of an atmospheric or ocean model. In a finite element
framework, four important properties need to be considered:

1. The core needs to enable high resolution simulations.
2. To support a smooth representation of topography and coastlines, one should be able to use very small grid cells. The

second property is different to the first one since the internal resolution inside the grid cells can vary for different discret-
ization schemes.

3. The core must be able to represent the geostrophic balance between the Coriolis force and the pressure gradient force.
4. The element must satisfy the Ladyzhenskaya–Babuska–Brezzi-condition (LBB-condition) – a necessary condition for sta-

bility of the discretization scheme.

The first two properties suggest low order elements. Unfortunately, it is difficult to find a low order element that fulfills
the properties three and four at the same time. Failing in one of them leads to spurious modes [21]. Therefore, continuous
low order finite element methods often require stabilization schemes [10].

A hybrid FE approach that combines a second order continuous representation for the scalar field with a first order dis-
continuous representation for the velocity field PDG

1 P2

� �
was proposed as a potential candidate to combine the four proper-

ties above. It was shown for the linear equations that the element is LBB-stable and is able to represent the geostrophic
balance [6,7]. The analysis of the PDG

1 P2 element in terms of a Helmholtz decomposition for the linearized shallow-water
equations showed that the element has no spurious pressure or Rossby modes. Spurious modes occur in the least harmful
place via inertia oscillations that do not propagate [5].

In this paper we contribute to the understanding of the PDG
1 P2 element. We use the element to solve the spherical

shallow water equations with and without viscous dissipation and on unbounded domains as well as on domains with
lateral boundaries. The solutions are analyzed with respect to their convergence, conservation properties, and energy
spectra.

While there exists extensive literature on how to obtain stable finite element models when only continuous or only dis-
continuous field representations are used, it is not obvious how to obtain an adequate model setup for the hybrid continu-
ous/discontinuous PDG

1 P2-element. As opposed to continuous FE configurations, we need to solve a Riemann problem at cell
boundaries due to the discontinuous velocity field, and, for a stable model setup, we need to perform a partial integration of
the nonlinear divergence term in the scalar equation. As opposed to typical DG approaches, we use the non-conservative
form of the shallow water equations and non-orthogonal Lagrange polynomials as basis functions. Since the continuous sca-
lar field is well defined on cell boundaries, our Riemann problem reduces to two dimensions for the two components of the
velocity field, this is different to DG methods. Except for the Riemann solver, our FE configuration is similar to the one pre-
sented in [9] for a PDG

1 P2 FE model on the plane. In [9] the weak form of the equations was derived from the non-conservative
shallow water equations while the three-dimensional Riemann solver for velocity and scalar fields was deduced from the
conservative form.

The introduction of the spherical geometry for global FE methods requires some care. To develop the physical fields into
sets of basis functions, the triangles in physical space need to be mapped onto a reference triangle on which the basis func-
tions are defined. On the sphere, the geometry of the physical triangles is given by trigonometric functions and cannot be
mapped exactly onto a reference triangle, which is typically defined on the plane. In the literature, three different approaches
can be found to introduce curved manifolds, such as the sphere, to finite element models. In the first approach, the differ-
ential equations are written for the curved manifold. This is done in the case of the cubed sphere, for example [28]. In the
second approach, the differential equations are formulated in the three-dimensional space and a global Cartesian coordinate
system is considered. The vector fields are forced to stay on the manifold via constraints [12]. In the third approach, the vec-
tor fields are written in the local tangent basis while the fluxes and spatial operators are expressed in the three dimensional
Cartesian basis [3].

We propose the use of the stereographic projection to introduce the spherical geometry to global finite element
models. The projection is part of the first approach mentioned above. It has already been used for finite difference
and finite volume methods ([25,8,17], CCSR Ocean Component Model). In the stereographic projection, the sphere is pro-
jected from one of the poles onto a plane at the opposite side of the sphere. The pole itself is mapped to infinity. Global
circulation models either use a combination of two stereographic projections from each pole that are connected at the
equator or two stereographic projection from each pole that are connected to a Mercator projection in tropical regions
[2,25].

For an ocean model, it is sufficient to use one projection since the pole can be placed on land. For a global atmosphere
model, we use two projections from each pole that are connected at the equator. The scaling factors that appear can be rep-
resented exactly by second order polynomials. The projection leads to a manageable number of additional terms in the dif-
ferential equations.

In section two, we give an overview of the model setup, including the equations of motion, the discontinuous/continuous
finite element discretization, and the incorporation of the spherical geometry. In section three, we apply the model to the
standard test set for global shallow water models and a Stommel gyre ocean test case. In section four, we present a summary
and conclusions.
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