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Abstract

In particle methods, an accuracy degradation can occur because of the distortion of the element positions. A solution
consists in the periodic re-initialization of the particles onto regular locations, at the nodes of a lattice. This so-called redis-
tribution works by the interpolation of particle quantities. The present work considers the design of redistribution schemes
on general lattices and in particular on lattices with a higher level of symmetry than the usual cubic lattice. Such lattices
allow schemes which are more compact and more isotropic. We test our schemes in the context of three-dimensional vortex
methods.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

In particle methods such as the vortex element method (VEM) or smoothed particle hydrodynamics
(SPH), one is confronted with problems of integration and interpolation over the elements. In particular,
this translates into accuracy degradation when the interpolating elements get too far apart in any direction
(see [1,2,9]).

One can follow several approaches to tackle this problem. One approach consists in progressively intro-
ducing new elements in the domain. While elegant, this approach requires a costly algorithm to find the new
elements’ positions and strengths (see [4]).

The other approach is to build a whole new set of elements from the old ones. This process must take place
every few time steps in order to prevent the particle distribution from getting too distorted. This so-called
redistribution consists in interpolating the new strengths at the nodes of a new non-distorted lattice.
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This work considers the properties of redistribution schemes for a generic lattice and the construction of
schemes which display high accuracy, isotropy and in some cases, compactness. We open this paper with a brief
summary of the vortex element method in Section 2 as it constitutes a prototypical particle method and will be
the basis of our numerical tests. We then discuss the properties of redistribution schemes (Section 3) and pro-
pose two approaches for the construction of isotropic schemes in Section 4. We consider lattices with a high
degree of symmetry and derive a generalization of Monaghan [12] for the construction of high order schemes.

Our results are then applied to the design of schemes for lattices with high degrees of symmetry, such as the
hexagonal and the face-centered cubic lattices.

We close this paper with the numerical application of these schemes in the context of vortex element meth-
ods. It is shown that they carry several advantages in terms of compactness and isotropy.

2. The vortex element method

We consider three-dimensional incompressible flow and the Navier—Stokes in vorticity form
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where u(x, ?) is the velocity field, v is the kinematic viscosity, and @ = V X u is the vorticity.
The vortex element method discretizes the vorticity field with particles which have positions x,(¢) and
strengths a;(1) = [, @dx. V; is the particle volume. The field is then recovered through

N
a(x,0) = 3 Lx = x (1) (1), (3)
]
where (. is a smooth, usually radially symmetric, interpolating kernel.

The kernel smoothing radius e determines the finest resolved scales. As a result, if the flow distorts the par-
ticle set and the inter-particle spacing grows beyond e, the interpolation of Eq. (3) loses all accuracy and
breaks down as some power of ¢/h, where 4 is the particle spacing [1,2]. This so-called loss of overlap will affect
any smoothed particle method.

A Helmholtz decomposition is used to represent the velocity field

u=Vo+Vxy; 4)

and we use the gauge V -y = 0. The function ¢ is the scalar potential and the corresponding velocity is irro-
tational but potentially dilatational. This contribution will be kept at zero for the remainder of this paper. The
stream-function is ¥ which is related to the vorticity by the Poisson equation

VY = —o. (5)

This Poisson problem can be solved through several techniques. In the present work, we use a Green’s func-
tion approach

Y(x) = Glx — x)a(t). (6)

The curl of ¥ and its gradient then give us respectively the velocity and velocity gradient fields which are
needed for the evolution equations of the particles positions and strengths. This problem is a N*-complex
problem, which can be made tractable with a fast multipole method [5,13,17].

In three dimensions, the particle discretization of the vorticity field @ is not necessarily divergence-free. This
spurious divergence needs to be kept at a low level. We also note that @ = V x u is clearly solenoidal; this
quantity was used in the design of relaxation methods [16,10] and allows the definition of a divergence error

Egqiv = / @& — o’ dx. (7)

In addition to relaxation, it has been shown [2] that the choice of the evaluation of the stretching term in Eq.
(1) can alleviate this problem [2].
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