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Abstract

We present an immersed interface method for the incompressible Navier–Stokes equations capable of handling both
rigid and flexible boundaries. The immersed boundaries are represented by a number of Lagrangian control points. In
order to ensure that the no-slip condition on the rigid boundary is satisfied, singular forces are applied on the fluid.
The forces are related to the jumps in pressure and the jumps in the derivatives of both pressure and velocity, and are inter-
polated using cubic splines. The strength of the singular forces at the rigid boundary is determined by solving a small sys-
tem of equations at each timestep. For flexible boundaries, the forces that the boundary exerts on the fluid are computed
from the constitutive relation of the flexible boundary and are applied to the fluid through the jump conditions. The posi-
tion of the flexible boundary is updated implicitly using a quasi-Newton method (BFGS) within each timestep. The
Navier–Stokes equations are discretized on a staggered Cartesian grid by a second order accurate projection method
for pressure and velocity and the overall scheme is second order accurate.
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1. Introduction

In this paper, we present a numerical method for solving viscous, incompressible flow problems involving
both moving interfaces and rigid boundaries. One of the challenges in these problems is that the fluid motion,
the flexible interface motion and the interaction with the immersed rigid boundaries must be computed simul-
taneously. This is necessary in order to account for the complex interaction between the fluid and the immersed
boundaries. An example of interface problems that we consider is shown in Fig. 1. In a 2-dimensional bounded
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domain X that contains a material interface C(t), we consider the incompressible Navier–Stokes equations,
written as

qðut þ ðu � rÞuÞ þ rp ¼ lDuþ F; ð1Þ
r � u ¼ 0 ð2Þ

with boundary conditions

ujoX ¼ ub; ð3Þ
where u is the fluid velocity, p is the pressure, q is the density, and l the viscosity of the fluid. Throughout this
paper, we assume that the fluid density q and the viscosity l are constant over the whole domain. The effect of
the material interface C(t) immersed in the fluid results in a singular force F which has the form

Fðx; tÞ ¼
Z

CðtÞ
f ðs; tÞdðx� Xðs; tÞÞds; ð4Þ

where X(s, t) is the arc-length parametrization of C(t), s is the arc-length, x = (x,y) is spatial position, and
f(s, t) is the force strength. Here, d(x) is the two-dimensional Dirac function. The motion of the interfaces
satisfies

o

ot
Xðs; tÞ ¼ uðX ; tÞ ¼

Z
X

uðx; tÞdðx� Xðs; tÞÞdx: ð5Þ

In our proposed numerical method, the Navier–Stokes equations are discretized using a standard finite dif-
ference method on a staggered Cartesian grid. Methods utilizing a Cartesian grid for solving interface prob-
lems or problems with complex geometry have become popular in recent years. Existing Cartesian grid
methods for interface problems can be categorized into two general groups: methods that determine the jump
conditions across the interface and incorporate them into the finite difference scheme and methods that
smooth out the singular force before it is applied to the fluid. Our method which is based on the immersed
interface method originally proposed by LeVeque and Li [20,21] falls into the first group. The immersed
boundary method introduced by Peskin [26] belongs to the second group.

Peskin’s immersed boundary method has proven to be a very useful method for modelling fluid-structure
interaction involving large geometry variations. This method has been applied to many biological problems
involving flexible boundaries [10,11,25,34]. In the immersed boundary method, the force densities are com-
puted at the control points which are used to represent the boundaries. The force densities are then spread
to the Cartesian grid points by a discrete representation of the delta function. The Navier–Stokes equations
with the forcing terms are then solved for pressure and velocity at the Cartesian grid points. Further details on
the immersed boundary method can be found in [26] and the references therein. The immersed boundary
method has several attractive features: the method is simple to implement, it can handle complex geometries
easily and it uses standard regular Cartesian grid Navier–Stokes solvers. However, since the immersed
boundary method uses the discrete delta function approach, it smears out sharp interface to a thickness of

Fig. 1. A typical domain in which the Navier–Stokes equations are solved. The flexible interface and the rigid boundary are immersed in a
uniform Cartesian grid.
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