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adaptive strategy retains the best features of both methods and overcomes many of their
deficits. A reliable a posteriori projection error estimator is derived, which can be com-
puted by two local Gauss integrations at the element level. Finally, some numerical tests
are presented to illustrate the method’s efficiency.
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1. Introduction

In the numerical simulation of incompressible flows, there are still many challenges, such as, how to control the accuracy
of a numerical approximation for the solutions, which may be degraded by the local singularities or the singularity in the
computational domain. Since the work by Babuska and Rheinboldt [1,2], adaptive control based on a posteriori error esti-
mates has become very attractive. Many researchers pay their attention on the field of a posteriori error estimators and have
got lots of good results in the last few decades, for example, [3-5] derive the residual-based a posteriori error estimate.
Deriving a posteriori error estimates for the Stokes equations also has received much attention (see [4,6-8] and so on),
for the Navier-Stokes equation, see [9]. Many people also develop some other methods, like, the estimators based on the
element residual, based on evaluating integrals of the residuals or associated with spatial averages. Besides, the recovery
type error estimators are discussed in [10-16], recently.

Variational multiscale methods are designed to deal with incompressible flow, which define the large scales in a different
way, namely by projection into appropriate subspaces, see Guermond [17], Hughes et al. [18-20] and Layton [21], and other
literatures on VMS methods [21-26]. The idea of two local Gauss integrations has been considered to deal with the varia-
tional multiscale methods (such as [27]).

There are also some researchers trying to combine the adaptive strategy with stabilization method, such as [9,28]. In this
paper, we try to combine VMS with h-adaptive technique, and the combination is particularly efficient and combines the
best algorithmic features of each. Although, a posteriori error estimator is derived based on a projection operator, but by
using two local Gauss integrations, this estimator can be computed easily at the element level. The global upper bound
for the error of the finite element discretization is yielded follows some assumptions.

* Supported by NSF of China (Grant Nos. 10871156 and 10971165) and XJTU (Grant No. 2009xjtujc30).
* Corresponding author. Tel.: +86 29 82675559; fax: +86 29 83237910.
E-mail addresses: hbzheng13@gmail.com (H. Zheng), yrhou@mail.xjtu.edu.cn (Y. Hou), fengshi81@yahoo.com.cn (F. Shi).

0021-9991/$ - see front matter © 2010 Elsevier Inc. All rights reserved.
doi:10.1016/j.jcp.2010.05.038


http://dx.doi.org/10.1016/j.jcp.2010.05.038
mailto:hbzheng13@gmail.com
mailto:yrhou@mail.xjtu.edu.cn
mailto:fengshi81@yahoo.com.cn
http://dx.doi.org/10.1016/j.jcp.2010.05.038
http://www.sciencedirect.com/science/journal/00219991
http://www.elsevier.com/locate/jcp

H. Zheng et al. /Journal of Computational Physics 229 (2010) 7030-7041 7031

The outline of the paper is as follows. Section 2 introduces the governing equations, the notations and some well-known
results used for variational multiscale methods of the Navier-Stokes problem throughout the paper. The posteriori error esti-
mator based on local projection is presented in Section 3, and the equivalent version based on two local Gauss integrations is
derived. In Section 4, some numerical simulations are presented to illustrate the efficiency of the combination of VMS with
adaptive strategy. We finish with a short conclusion in Section 5.

2. Governing equations

We consider the incompressible flows
—VAu+ @u-Vyu+Vp=f in Q,
V.-u=0 in Q, (2.1)
u=0 on 0Q,
where Q represents a polyhedral domain in R, d = 2,3 with boundary 8, u the velocity vector, p the pressure, f the pre-

scribed body force, and v > 0 the kinematic viscosity, which is inversely proportional to the Reynolds number Re.
The standard variational formulation of (2.1) is given by: find (u,p) € (V,S) satisfying

B(u,p;v,q) +b(u,u,v) = (f,v) V(v,q) € (V,S), (2.2)

where

V=H\(Q)" and S=1I23(Q) = {qeLZ(Q);/qu=0}.,
JQ
B(u',p; v, q) = V(VU,VU) - (v U>p) + (v U, q)7 b(u7u7 Z/) = ((u ! VU), U)*,

with (-,-) the inner product in L*(2) or in its vector value versions. The norm and seminorm in H*(Q)? are denoted by || - ||
and | - |, respectively. Hy () will denote the closure of C;° with respect to the norm | - ||;. The space V is equipped with the
norm ||V - ||o or its equivalent norm || - ||; due to the Poincaré inequality.

For the finite element discretization, let 7, be the regular triangulations of the domain €, and define the mesh parameter
h = maxrc, {diam(T)}. We choose the conforming velocity-pressure finite element space (Vy,S,) C (V,S) satisfying the dis-
crete inf-sup condition

inf sup (@1, V- n)

— > >0, 2.3
4h€Sh vV, ||Qh||0Hvyh”0 23

where f is independent of h. Here we consider the Taylor-Hood elements (see [29,30]):

Vi = {uh € C(Q)uply € Po(T)!, VT e rh},
Sn={dn € C(Q)|qnly € P1(T), VT €},

where P(T), k= 1,2 is the space of kth-order polynomials on T. We will also need the piecewise constant space
Ro = {vp € I*(Q)|vpl; € Po(T), VT €11},

where Po(T) is the space of all constant polynomials on T.

Throughout this paper, we shall use the letter C (with or without subscripts) to denote a generic positive constant which
may stand for different values at its different occurrences but that remains independent of the mesh parameter h.

Then, Galerkin finite element discretization of (2.2) is given by: find (u,pr) € (V4,Sy) satisfying

B(un, Pp; Un, qn) + b(un, un, o) = (f, vn) V' (¥h,qn) € (Vi,Sn)- (24)

Because of inequality (2.3), problem (2.4) has a unique solution and the error estimate

IV (= un)llg + 1P = Pallo < CH*{l[ull; + 1P}, (2.5)

holds provided (u,p) € (H3(Q)% H3(2)).

As we know, the Galerkin finite element discretization (2.4) is unstable in the case of higher Reynolds number (or smaller
viscosity). Therefore, stabilization becomes necessary. We firstly consider a common version of VMS methods which was
proposed in [21] for the steady case. We define two spaces L = [?(2)?*¢ and L;, = Ry(2)**¢, the latter is defined on the same
grid as X, for the velocity deformation tensor. The VMS we consider here is: find (up,pn) € (V4,Sp) and gy, € Ly, satisfying

(v + 00)a(uy, ) — 0U(gh, V 0h) + b(Up, tn, v4) — d(py, vn) = (F, v4) VUi € Vi,
d(qn,up) =0 Vg, €Sy, 26)
(gh - vuhvlh) =0 Vlh € Ly.



Download English Version:

https://daneshyari.com/en/article/521069

Download Persian Version:

https://daneshyari.com/article/521069

Daneshyari.com


https://daneshyari.com/en/article/521069
https://daneshyari.com/article/521069
https://daneshyari.com/

