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Abstract

Proper normalization of a Maxwell-Boltzmann electron distribution in transient plasma models requires the self-con-
sistent calculation of a reference density from a global electron conservation equation. This calculation tends to produce
numerical oscillations in the time evolution of the plasma, in particular during the formation of the plasma sheath. The
present paper proposes a simple numerical scheme to prevent these oscillations by artificial critical damping, which makes
it possible to simulate transient plasma phenomena without electron-related time step conditions.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction and problem definition

A ubiquitous approximation in elementary plasma theory is to assume a Maxwell-Boltzmann equilibrium-
distribution of electrons:

ne(x) = ngexp(®(x)/T.), (1)

where x are the space coordinates, 7, is the electron number density, @ is the electric potential, 7, is the elec-
tron temperature in eV which is constant and given, and ny is a reference density corresponding to @ = 0. This
approximation is used in particular to study phenomena where the electron collision length is large compared
to the length scale of interest, such as the space charge sheath on the plasma edge, and is at the basis of plasma
sheath theory, probe theory, the Bohm criterion, etc. Eq. (1) is then usually coupled to an ion transport equa-
tion and Poisson’s equation to obtain the potential in a self-consistent manner.

Elementary theory can be generalized to multidimensional or transient problems by numerical models. The
literature reports numerical models for ion extraction through metal grids [1], ion implantation sheaths [2,3],
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vacuum circuit breakers [4], electro-negative plasma sheaths [5,6], etc., all based on the electron Boltzmann

relation shown in Eq. (1). Most of these models are transient in the sense that they describe time evolution

on the time scale of the ion transport. The numerical time advancement scheme of these models is as follows.

Consider that all quantities are known at time /* and are to be calculated at time ! = /* 4+ Ar. First, the new

ion density n*! is calculated from an ion transport equation or an ion particle simulation using the electric

potential @*. Subsequently the new potential ! is solved from Poisson’s equation
e V2! = enyexp(@*1/T,) — en*!

2
~ enyexp(®*/Te)(1 + (P — &) /T,) — en**!, @)

where Eq. (1) has been substituted for the electron density, e is the elementary charge, and ¢, is the permittivity
of free space. The potential in the Boltzmann factor on the right hand side of Eq. (2) must be implicit to avoid
severe time step conditions of the type wp.At <0.2, where wpe = (ezne/some)l/ % is the electron plasma fre-
quency. [2] In order to solve Eq. (2) it is usually linearized by a Newton—-Raphson iteration as shown in
the third member.

The problem with the above model scheme is that the electron reference density nq is not known a priori but
has to be calculated self-consistently from electron conservation [7] and that this calculation leads to numerical
difficulties. The global electron conservation equation is

0 1
&///volumenEdV * //surface ZvenedA B .///volumeSdV’ (3)

where v, = (8¢T, e/nme)l/ 2 is the Maxwellian thermal speed and S is the source term, accounting for bulk ion-

isation, recombination, and attachment. Substituting Eq. (1) into Eq. (3), we find the following equation for g
O(nop) 1

o gt n @
where
o= [ explo/roas (6)
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Alternatively one can obtain n, from a global current conservation equation or work with a reference potential

&y = —T,In(ng) rather than ny but this eventually comes all down to the same. In stationary problems Eq. (4)

reduces to ny = 4r/qv. which is readily evaluated especially if the total volume source term S is a fixed model

parameter. In transient problems, however, 1, changes in time and is directly related to the potential every-

where in space through the integral p shown in Eq. (5). Discretizing the time derivative in Eq. (4), we obtain
T vegAt At

I’lo :I’lol)}(—+1—}'l()m—i—pk—+1 (8)

The last two terms on the right account for electron loss and production and determine the steady state value
of ny. The first term compensates for changes in the plasma potential and is important (often dominant) during
transient phenomena. Because p**! is to be calculated from ¢!, the value of ns™! from Eq. (8) is not available
when solving Poisson’s Eq. (2) at time /1 and it is necessary to approximate Eq. (8). Extrapolating from pre-
vious time steps, we try

nk+1 —_ nkpﬁi I’lk UeqkAt+rkAt (9)
0 0 P 0 4pF P

Unfortunately, it turns out that this causes strong oscillations in the time evolution of the plasma during rapid
transient phenomena, in particular during the formation of the plasma sheath, unless the time step Az is very
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