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Abstract

We describe a novel form of Newton’s method for computing 3D MHD equilibria. The method has been imple-
mented as an extension to the hybrid spectral/finite-difference Princeton Iterative Equilibrium Solver (PIES) which nor-
mally uses Picard iteration on the full nonlinear MHD equilibrium equations. Computing the Newton functional
derivative numerically is not feasible in a code of this type but we are able to do the calculation analytically in magnetic
coordinates by considering the response of the plasma’s Pfirsch—Schliiter currents to small changes in the magnetic field.
Results demonstrate a significant advantage over Picard iteration in many cases, including simple finite-f stellarator
equilibria. The method shows promise in cases that are difficult for Picard iteration, although it is sensitive to resolution
and imperfections in the magnetic coordinates, and further work is required to adapt it to the presence of magnetic
islands and stochastic regions.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Magnetohydrodynamics (MHD) is the basic single-fluid model of macroscopic plasma behavior [1,2]. It
describes the effect of magnetic geometry on a plasma’s macroscopic equilibrium and stability through the
interaction of inertial, pressure, and magnetic forces. When a plasma evolves on timescales much longer

* Corresponding author. Present address: National Institute of Water and Atmospheric Research (NIWA), Department of
Meteorology, 301 Evans Bay Parade, Greta Point, Private Bag 14901, Wellington, New Zealand. Tel.: +64 4 386 0461.
E-mail addresses: h.oliver@niwa.co.nz (H.J. Oliver), reiman@pppl.gov (A.H. Reiman), monticello@pppl.gov (D.A. Monticello).

0021-9991/8 - see front matter © 2005 Elsevier Inc. All rights reserved.
d0i:10.1016/j.jcp.2005.05.007


mailto:h.oliver@niwa.co.nz
mailto:reiman@pppl.gov
mailto:monticello@pppl.gov

100 H.J. Oliver et al. | Journal of Computational Physics 211 (2006) 99—-128

than the Alfvén time (typically microseconds in a fusion plasma) its behavior is governed by the MHD equi-
librium equations,

JxB=VP, (1)
V xB=J, (2)
V-B=0, (3)

where P is the scalar pressure, B is the magnetic field, and J is the current density. Eq. (1) expresses equi-
librium force balance in the plasma and Eq. (2) is Ampere’s Law (displacement current is neglected in
MHD). Toroidal MHD equilibria are important in modeling magnetic confinement devices for the nuclear
fusion program (tokamaks and stellarators) because steady state reactor conditions are desirable. The
equilibrium equations are analytically intractable for most realistic plasma configurations, so they must
generally be solved by numerical techniques. Newton’s method has been applied to simple one- and
two-dimensional systems [3,4], confirming its well-known speed advantage and the ability to find some
equilibria that raw Picard iteration cannot, but it has never been applied successfully in the general 3D case.

Our Newton equilibrium solver has been implemented in the hybrid spectral finite-difference Princeton
Iterative Equilibrium Solver (PIES) [5] which normally uses direct (Picard) iteration of the full 3D equi-
librium equations. PIES can be used to study realistic systems with magnetic islands and stochastic re-
gions because it makes no assumptions about magnetic field structure, but a lot of solution blending
between successive iterations can be required to get convergence. Newton’s method is potentially a much
faster direct algorithm, but computing the Newton functional derivative numerically is not feasible in a
code of this type, for reasons given in Section 3. By considering the response of the plasma’s pressure-
driven Pfirsch—Schliiter currents to small magnetic perturbations, however, we are able to derive the func-
tional derivative analytically in magnetic coordinates. Moreover, our version of Newton’s method can be
seen as a natural extension of the existing Picard formulation of PIES, as discussed in Section 3. We note
that the Jacobian-free Newton—-Krylov methods [6] are a potentially interesting alternative to the
approach taken here.

Section 2 gives an overview of the Picard algorithm for computing 3D MHD equilibria, and its imple-
mentation in PIES. Section 3 shows how Newton’s method can be formulated to solve the same problem,
and how it relates to the Picard scheme. Section 4 gives essential details of our numerical implementation of
Newton’s method: the radial discretization and how its accuracy is affected by gauge choice for the vector
potential, derivation of near origin radial dependence for Fourier coefficients, boundary conditions, and
gross structure of the discretized system. Section 5 describes our analytic derivation of the Newton gradient
term, and Section 6 gives some results on the performance of the Newton code. Finally, Section 7 summa-
rizes and suggests further research.

2. Overview of the PIES code

The PIES code solves the MHD equilibrium equations in the form
V x B=J(B), (4)
where J is a complicated, nonlinear function of B. Given B, the component of J perpendicular to B is deter-

mined by the force balance equation, Eq. (1). The component parallel to B, J - B, is determined by V - J = 0.
As described below in this section, the PIES code solves Eq. (4) using Picard iteration,

V x B, = J(B._)), (5)

where the subscript i denotes iteration number. The remaining sections of this paper will be concerned with
the solution of Eq. (4) using Newton’s method.
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