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a b s t r a c t

In this paper we design and analyze a class of high order numerical methods to delta func-
tion integrals appearing in level set methods in two dimensional case. The methods com-
prise approximating the mesh cell restrictions of the delta function integral. In each mesh
cell the two dimensional delta function integral can be rewritten as a one dimensional
ordinary integral with the smooth integrand being a one dimensional delta function inte-
gral, and thus is approximated by applying standard one dimensional high order numerical
quadratures and high order numerical methods to one dimensional delta function integrals
proposed in [X. Wen, High order numerical methods to a type of delta function integrals, J.
Comput. Phys. 226 (2007) 1952–1967]. We establish error estimates for the method which
show that the method can achieve any desired accuracy by assigning the corresponding
accuracy to the sub-algorithms and has better accuracy under an assumption on the zero
level set of the level set function which holds generally. Numerical examples are presented
showing that the second to fourth order methods implemented in this paper achieve or
exceed the expected accuracy and demonstrating the advantage of using our high order
numerical methods.

� 2009 Elsevier Inc. All rights reserved.

1. Introduction

We study in this paper a class of high order numerical methods to the following type of delta function integralsZ
Rn

f ðxÞkruðxÞkdðuðxÞÞdx; ð1:1Þ

where f ðxÞ is a weight function, uðxÞ is a level set function whose zero points define a manifold C of codimension one. In this
paper we consider the two dimensional case n ¼ 2. In this case C is a one dimensional curve in the two dimensional space.
The functions f ðxÞ; uðxÞ are assumed to have sufficient smoothness and their values are only provided at grid points of a reg-
ular mesh. Numerical evaluations of delta function integrals (1.1) in two and three dimensions in the above context appear in
many applications of level set methods, see for example [2,11,26].

One approach widely studied in the literature to approximate (1.1) is the numerical quadrature approach. Assume the
values of f ðxÞ;uðxÞ are given at grid points of the following uniform mesh on R2
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fxjgj2Z2 ; xj ¼ xð1Þj1
; xð2Þj2

� �
;

xðkÞjk
¼ xðkÞ0 þ jkh; jk 2 Z; k ¼ 1;2: ð1:2Þ

Then the numerical quadrature methods to delta function integrals (1.1) in two dimension can be generally written in the
form

h2
X
j2Z2

f ðxjÞkrDuðxjÞk~dðxj; uÞ; ð1:3Þ

where rDuðxjÞ is the difference approximation to ruðxjÞ, ~dðxj; uÞ is an approximate delta function which can be defined by
grid point values of u. Utilizing approximate delta functions is related to the regularization technique of the Dirac delta func-
tion which have various applications [4–7,10,12–14,16–18,21,22]. The efficiency of the numerical quadratures (1.3) depends
on the choice of appropriate approximate delta functions. In the work [18] Tornberg and Engquist showed that a common
technique to construct the approximate delta function in (1.3) suffers from Oð1Þ errors. After that different approximate delta
functions have been designed in the literature which yield first or second order numerical quadratures (1.3). In [3] Engquist
et al. proposed a first order accurate approximate delta function based on one dimensional discrete delta functions and a
variable support size formula. They also developed in [3] a second order accurate approximate delta function based on
approximations to product formula for multidimensional delta functions which is more complex to apply. The product for-
mula method following Peskin [12,13] has the advantage that it can achieve any desired accuracy by using one dimensional
discrete delta functions with corresponding discrete moment conditions, as proved in [18]. However the high order version
of the product formula method has not been implemented when the curve C is represented by a level set function. In [15]
Smereka proposed both a first and second order accurate approximate delta function by using a technique for solving elliptic
equations with discontinuous source terms. The proof of accuracy of this approximate delta function is presented in [1]. In
[19] Towers proposed both a first and second order accurate approximate delta function by using difference approximations
to derivatives of the smoothed heaviside function or those of the integral of the heaviside function. The analysis of accuracy
of these methods are considered in [20]. However approximate delta functions higher than second order accuracy for the
numerical quadratures (1.3) have not been designed and implemented yet. Therefore to design numerical quadratures
(1.3) higher than second order accuracy to the delta function integrals(1.1) remains to be studied.

In this paper we design and analyze a class of high order numerical methods to the delta function integrals (1.1) in two
dimension. The strategy of the methods in this paper is different from the numerical quadrature approach. These methods
are constructed by considering the approximation of the restriction of the two dimensional delta function integral in each
mesh cell. This is also a natural strategy. By using this strategy, Min and Gibou designed in [8,9] a second order geometric
integration method for computing (1.1) via decomposing the zero level set C into simplices. Such a strategy has also been
applied to another type of delta function integralsZ

Rn
aðxÞ

Yn

i¼1

dðbiðxÞÞdx; n ¼ 1;2;3; ð1:4Þ

where the common zero points of the level set functions biðxÞ are essentially finite number of points in the space. Second to
fourth order numerical methods to (1.4) in one to three dimensions have been designed in [23]. In order to obtain suitable
approximation to the restriction of the delta function integral (1.4) in a mesh cell, the methods in [23] involve checking the
existence of common zero points of level set functions and applying the technique of changing interpolation space.

Naturally the methods in this paper also involve checking the existence of zero points of the level set function in the delta
function integral (1.1). Namely we need to check the intersection between a mesh cell and the zero level set C of the level set
function. Our strategy to approximate the restriction of the delta function integral (1.1) in a mesh cell intersecting with C is
based on the fact that the two dimensional delta function integral in the mesh cell can be rewritten as a one dimensional
ordinary integral with the smooth integrand being a one dimensional delta function integral. The transformed one dimen-
sional integral takes one of two forms according to the comparison of the two components of gradient of u in the cell which
can be checked from the mesh point values of u. Therefore high order numerical methods to approximate the mesh cell
restriction of the two dimensional delta function integral (1.1) in principle can be constructed by applying high order numer-
ical quadratures to one dimensional ordinary integrals and high order numerical methods to one dimensional delta function
integrals. The high order numerical quadratures to ordinary integrals are standard. The high order numerical methods to one
dimensional delta function integrals have already been studied [23,24]. In this paper we apply the high order numerical
method designed in [23] to a type of delta function integrals including the one dimensional case. The algorithm so designed
to approximate the mesh cell restrictions of the two dimensional delta function integral (1.1) comprises the numerical meth-
od proposed in this paper. The method contains several sub-algorithms including Newton iteration to solve one dimensional
interpolation polynomials, Numerical quadrature to one dimensional ordinary integrals, difference approximation formula,
interpolation formula and numerical method to approximate one dimensional delta function integrals. We carry out error
analysis for the method proposed in this paper and prove that the method can achieve any desired accuracy to the two
dimensional delta function integrals (1.1) provided the sub-algorithms in the method attain the corresponding accuracy
which is straightforward to fulfill. We also prove the better accuracy of the method in this paper under an assumption on
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