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a b s t r a c t

This paper proposes a novel nonseparable lifting scheme for wavelet frames with high vanishing
moments. A specific nonseparable framelet lifting transform (NFLT), combined with a modified covari-
ance intersection (CI) algorithm, has been applied to pansharpening of multispectral images. Experiments
are carried out on the multispectral and panchromatic images acquired by the SPOT, QuickBird and Land-
sat spaceborne sensors. Benefiting from the high order of vanishing moments, the proposed NFLT can dis-
tinguish the low- and high-frequency efficiently and can compact most of the energy into the low-pass
subband. Thus the spectral distortion can be minimized. Experimental results show that the NFLT-CI
method reduces the spectral distortion while improves the spatial resolution simultaneously, and outper-
forms the other state-of-the-art methods derived from various transforms and injection models.

� 2014 Elsevier B.V. All rights reserved.

1. Introduction

Remote sensing images usually have limitations in either spec-
tral or spatial resolution. On one hand, the panchromatic (PAN)
images, captured by wide-band sensors, provide a high-resolution
quality but lack of essential spectral information. On the other
hand, the multispectral (MS) images, obtained by various nar-
row-band sensors, possess specific spectral information but have
a poor quality in spatial resolution. For this reason, it is desirable
to increase the spatial resolution of MS images by using the spatial
information of PAN images while retaining the fidelity of spectral
information as much as possible. This process is called panshar-
pening [1].

Over the last two decades, a number of pansharpening tech-
niques have been proposed. Component-substitution-based (CS)
approaches such as intensity hue saturation (IHS) [2,3] have been
widely used due to the fast implementation and high sharpening
ability. Since the intensity component I of MS image is substituted
with the PAN image, it may yield large spectral distortion even if
the PAN is histogram-matched to I [1]. Other CS-based methods
such as principle component analysis (PCA) [4] and Gram–Schmidt
(GS) [5] suffer from the same problem. Although a variety of
modified algorithms [1,6–8] have been proposed to compensate

for such distortion, the limitation of CS-based methods does not
be fully overcame.

Recently a variety of methods based on multiresolution analysis
(MRA) have demonstrated a superior capability of injecting high-
frequency components from PAN image into MS low-frequency
subband with low spectral distortion. Among them the widely rec-
ognized approximation tools are ‘‘à trous’’ wavelet transform
[9,10], generalized Laplacian pyramid [11], as well as the aniso-
tropic frame-based transforms such as curvelet [12,13] and non-
subsampled contourlet [14,15]. As the MRA-based multiscale
transform can efficiently decompose the image into high-pass
(HP) and low-pass (LP) subbands, not only does it have an advan-
tage on minimizing the spectral distortion, but it also provides a
flexibility to define how the HP coefficients of PAN are injected into
the LP subband of MS. Initial works [4,9] suggested directly insert-
ing the HP coefficients into the LP subband of MS. However many
methods using the ARSIS concept [16,17] adjust the coefficients
based on specified models [11,18–20]. Usually these models fea-
ture in adaptive injection of information according to the local cor-
relation between PAN and MS images, and outperform the directly
injecting method [1].

The vanishing moment, as an essential characteristic of
wavelets, stands for the ability of representing polynomials or
information of signals [21]. Explicitly, if the wavelet has vanishing
moments of order N, then the polynomials of degree up to N
convolved with the wavelet will vanish to be zero, that is
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Z
xpwðxÞdx ¼ 0; for jpj < N:

As many image processing tasks [22,23] indicate, a high number
of vanishing moments is preferred since it can compress the regu-
lar parts of the signal thus leading to a sparse representation. How-
ever few works in the literature have considered the vanishing
moments’ effect on the fusion. This motivates us to develop a
new MRA-based approximation tool with high vanishing moments.

In this paper, we aim to provide a specific nonseparable fram-
elet lifting transform (NFLT) derived from the lifting scheme for
wavelet frames. The 1-D lifting factorization of wavelet frames
has been explicitly discussed in our previous works [24–26]. The
method of increasing the order of vanishing moments for univari-
ate wavelets has been demonstrated, which involves Laurent poly-
nomial factorization. For higher dimensions, however, factoring a
multivariate polynomial is nontrivial and it becomes increasingly
cumbersome. Therefore the scaled version of Neville filters, which
is a generalization of the original [21], is introduced for construct-
ing wavelet frames with vanishing moments of desirable orders. In
addition, a modified algorithm based on the covariance intersec-
tion (CI) [27] is proposed for merging the coefficients. CI is origi-
nally derived from Kalman filters [27] and recently it has been
applied to image fusion [28,29]. It provides a consistent estimate
when the cross-correlations between multi-sources are unknown.
Since the NFLT possesses high vanishing moments, most of the
essential information of MS is compacted into the LP subband
while the HP subbands refer to the highly irregular information
such as edges and textures. It can be expected that the NFLT-based
fusion reduces the spectral distortion while improves the spatial
resolution of MS simultaneously. To sum up, the contribution of
this paper has three aspects:

� A novel nonseparable framelet lifting transform with high van-
ishing moments aiming at compacting the MS spectral
information.
� A scaled version of Neville filters as generalizations of the tradi-

tional ones.
� A modified CI algorithm suitable for merging intra-band HP

coefficients.

This paper is organized as follows. In Section 2, we recall some
notations and basics which will be used hereafter. In Section 3, the
scaled Neville filter as well as its properties are proposed. Section 4
is the main contribution of this paper, where the lifting scheme for
wavelet frames with preserved vanishing moments are presented,
followed by a specific NFLT. In Section 5, the effect of increasing
vanishing moments on keeping spectral information is first
discussed. Then the proposed NFLT is applied to PAN and MS image
fusion. Experimental results and comparison with other state-of-
the-art methods are shown. Finally Section 6 is the conclusion.

2. Preliminaries

2.1. Notations

A multidimensional signal x ¼ xðkÞ;k 2 Zd� �
convolved with a

finite impulse response (FIR) filter H ¼ hðkÞ;k 2 Zd� �
is defined

as Hx :¼ ðH � xÞðnÞ ¼
P

k2Zd hðn� kÞxðkÞ. It is equivalently denoted
in z-transform as HðzÞXðzÞ, where HðzÞ ¼

P
khðkÞz�k and

XðzÞ ¼
P

kxðkÞz�k. Here z ¼ eix; i ¼
ffiffiffiffiffiffiffi
�1
p

and zk is defined as

zk ¼
Qd

j¼1z
kj

j . The size of the multi-index is jkj ¼
Pd

j¼1kj.
The multivariate differentiation operator is

Dn ¼ @jnj

@xn1
1 � � � @x

nd
d

:

And the scaled differentiation operator [21] is given by

Dn ¼ @ jnj

ijnj@xn1
1 � � � @x

nd
d

:

Note that the operator Dn is always respect to x. Thus Dzk ¼ kzk

and for a filter H,

DnHðzÞ ¼
X

k

hð�kÞknzk: ð1Þ

The upsampling of a filter H is denoted in z-domain as
HuðzÞ ¼ HðzMÞ, where M is the subsampling matrix,
zM ¼ ðzm1 ; . . . ; zmd ÞT and mi is the i-th column vector of M. In this
paper, the quincunx case is considered, i.e.,

M ¼
1 1
1 �1

� �
:

Since det M ¼ 2, the lattice Zd is split into the ‘‘even’’ lattice MZd

and the ‘‘odd’’ one MZd þ t, where t ¼ ð1;0ÞT .

2.2. Wavelet frame and its lifting structure

Let SðWÞ denote a wavelet system SðWÞ :¼ fwi;j;kðxÞ ¼ jdet Mjjd=2

wiðM
jx� kÞjwi 2 W, i ¼ 1; . . . ; L� 1; j 2 Z;k 2 Zdg. A system SðWÞ is

a frame if there exist positive constants C1;C2 such that

C1kfk2
L2ðRdÞ 6

X
wi;j;k2SðWÞ

jhf ;wi;j;kij
2
6 C2kfk2

L2ðRdÞ; 8f 2 L2ðRdÞ:

The elements in SðWÞ are referred to as framelets. A pair of sys-

tems SðWÞ;Sð eWÞn o
is called a bi-frame if each of the systems is a

frame, and satisfies the perfect reconstruction: f ¼
P

i;j;khf ; ewi;j;ki
wi;j;k, 8f 2 L2ðRdÞ.

According to the multiresolution analysis (MRA) of wavelet
frames [30], there exist impulse responses fhiðkÞg such that

uðxÞ ¼
X

k

h0ðkÞuðMx� kÞ;

wiðxÞ ¼
X

k

hiðkÞuðMx� kÞ; i ¼ 1; . . . ; L� 1:

Given a bi-frame SðWÞ;Sð eWÞn o
, the corresponding analysis and

synthesis filter banks (dual and primal) are denoted as

feHiðzÞ; i ¼ 0; . . . ; L� 1g and fHiðzÞ; i ¼ 0; . . . ; L� 1g, respectively.
According to the lifting factorization theorems developed in our
previous works [24–26], the polyphase matrix of wavelet frames
can be decomposed into a series of ladder matrices. Here the lifting
factorization theorem of det M ¼ 2 is briefly introduced as follows.

Proposition 2.1 [26]. For the polyphase matrix eHpðzÞ defined as

eHpðzÞ ¼

eH0
e ðzÞ eH0

oðzÞ
..
. ..

.

eHL�1
e ðzÞ eHL�1

o ðzÞ

0BB@
1CCA;

where eHe; eHo represent the even and odd components respectively,
there exists a factorization given by

eHpðzÞ ¼
YS

s¼1

Iþ
X

16j6L�1

U s
j ðzÞe1eT

jþ1

 !
I�

X
16i6L�1

P s
i ðzÞeiþ1eT

1

 !" #
� RðzÞK;

ð2Þ

where ek is the unit vector whose elements are all zeros except the k-th
one equals to 1. Ps

i ðzÞ, Us
j ðzÞ are Laurent polynomials, referred to as ‘pre-

diction’ and ‘update’ filters hereafter. I is the L� L identity matrix, and
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