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1. Introduction

In decision making problems it may happen that, after the
exploitation phase, the best alternatives are equally ranked and it
is not possible to decide which one is the best. It has been noticed
[1] that these troubles often appear when the entries of the consid-
ered fuzzy preference matrix are close to 0.5, that is, when the
experts have doubts about their preferences of some alternatives
over the others. In this situation, the systematic use of extensions
of fuzzy sets has been shown to be a really useful tool [2]. Among
those fuzzy sets, interval-valued fuzzy sets (IVFSs) [3-5] or,
equivalently, Atanassov intuitionistic fuzzy sets (AIFs) [6] play
indeed a crucial role.

In some special cases, despite the fact of using IVFSs and AIFs,
still remain problems that are similar to those encountered in
the previous ones. For these new last situations we may use the
interval-valued Atanassov intuitionistic fuzzy sets (IVAIFSs) [7].
Besides, the use of intervals to represent membership and non-
membership has, from our point of view, a double advantage:
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1. If we want to model environments where there exist non-
comparable elements, it will be enough to use classical partial
orders between intervals. This is not the case in this work.

2. If we must represent ignorance [8] associated to the datum
given by an expert, we can understand the length of the inter-
vals as a representation of such ignorance. If, in these cases,
we need to be able to compare any two data, then we can use
any of the linear orders we consider here.

Once the decision of using IVAIFSs to deal with a decision mak-
ing problem has been reached, we should choose, accordingly, a
linear order between pairs of intervals. In this way, we will select
as the best option the alternative which is associated to the largest
pair of intervals, with respect to the considered linear order.

Moreover, in decision making problems we must also aggregate
the information furnished by the experts by means of aggregation
functions [9-11].

All these considerations have led us to aim the following
objectives:

(1) To use aggregation functions for building linear orders for
pairs of intervals whose end-points belong to the unit
interval.

(2) To study methods for constructing linear orders on the set of
IVAIFSs.
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(3) To deal with the exploitation phase of decision making prob-
lems through IVAIFSs, by using the previously built linear
orders.

The structure of this paper is the following. In Section 2 we
introduce the notation and recall some well-known notions. In
Sections 3,4, we construct two classes of linear orders between
pairs of intervals. Section 5 contains an application of our theoreti-
cal results to group decision making. In particular, we provide two
algorithms. Some concluding remarks as well as suggestions for
further research close the paper.

2. Previous concepts and results

We start by recalling some well-known concepts that will be
useful for subsequent developments throughout the paper.

2.1. On orders and partially ordered sets
Given a partially ordered set (poset) (P, <), we say that

(a) 1p is the top of the poset if for all x € P it holds x < 1p.
(b) 0p is the bottom of the poset if for all x € P it holds 0p < x.

In case they exist, 1» and Op are unique.
Let K([0,1]) c R? be given by

K([0,1]) = {(x,x) € [0,1] x [0, 1]|x < X},

and let L(]0, 1]) be the set of all closed subintervals of the unit inter-
val, that is

L([0,1]) = {x|x = [x,X] such that 0 < x <X < 1}.

There is a straightforward bijection i : K([0, 1]) — L([0, 1]) given
by i((x,X)) = [x,x] = X. Through this bijection, the partial order on
R?, (a,b)<,(c,d) if and only if a < ¢ and b < d induces an equiva-
lent partial order on L([0, 1]), namely,

X< yiff x<yand X<y (1)

In this way, (L(]0,1]), =) is a poset whose bottom and top are,
respectively, 0 = [0,0] and 1 = [1,1]. In fact, the bijection above is
a lattice isomorphism.!

We refer as (L([0, 1]))?, to the universe of pairs of intervals, that
is,

(L([0,1]))* = {(x.y) = (,X], [y, ¥]) with x,%,y.y € [0, 1]}

Similarly to what happens in the case of R? and L([0, 1]), the par-
tial order on R*, given by (a;, by, c1,d1)<4(az, by, c2,d>) if and only
if a; <a, and b; < b, and ¢; < ¢; and d; < d,, also induces an
equivalent partial order <, on (L([0, 1]))?, given by

(X1,¥1) <a (X2,¥,) if and only if X; <x, and X; <X, and y,
<Yz and y1 <o 2)

In this way, ((L([0, 1]))?, <4) becomes a poset whose bottom and top
are, respectively, (0,0) = ([0, 0], [0,0]) and (1,1) = ([1,1],[1,1]).

! This kind of sets, namely K([0,1]) and L(|0, 1]) have already been used, suitably
equipped with some order and latticial structure [12,13], to construct some universal
codomain where it was possible to represent different kinds of orderings as, e.g., total
preorders, interval-orders and semiorders by means of a single function that
preserves the ordinal structure. The bijection i: K([0,1]) — L([0,1]) has also been
considered in those approaches, and some other similar bijections and/or latticial
isomorphism as well as order isotonies have also been introduced accordingly. By the
way, another universal codomain to represent different kinds of orderings, which is
essentially equivalent to K([0,1]), consists of triangular and symmetric fuzzy
numbers. For further information see [14-17].

Definition 2.1 [18]. An order < on L(]0, 1]) is said to be admissible
if it is linear and refines the order =,, i.e., it is a linear order
satisfying that for all x,y € L([0, 1]) such that x <, y it holds x < y.

Example 2.1. The lexicographic orders on L([0, 1]), given by

e X=Xex1yif and onlyif (x<y) or (x=yandx<y) (lexicographic-1
order), and

e X=¥if andonlyif (x <y)or (x=yandx<y) (lexicographic-2
order), are admissible.

2.2. Extensions of fuzzy sets

Definition 2.2 [6]. Let U be a nonempty set usually called a
universe. An Atanassov’s Intuitionistic Fuzzy Set (AIFS) F over U is
given by

F = {(u, ftp (), ve(w)|u € U}

where y; : U — [0, 1] defines the membership degree of the element
ue U to Fand vr: U— [0,1] defines its nonmembership degree to
the same set F. Besides, the functions p, and v satisfy that, for all
ueU, pus(u)+ve(u) < 1.

The pair (pup(u), ve(u)) is called an intuitionistic pair, £([0,1])
being the set of all possible intuitionistic pairs, i.e.,

£([0,1]) = {ala = (a1,a2), a1,a2 € [0,1] and a; +a, < 1}.
In [6], Atanassov introduced a partial order in the universe of
AIFSs.

Definition 2.3. Let F{,F, be two AIFSs. According to the order
given by Atanassov in [6]

F, < F, if and only if for all u € U, U, (1) < fg, (u) and Vg, (u)
=

Vg, (U).

Definition 2.4 [7]. Let U be a universe. An Interval-Valued
Atanassov Intuitionistic Fuzzy Set (IVAIFS) G over U is given by

G = {{u, mo(u), n(u)u € U}

where m¢ : U — L([0, 1]) defines the membership degree of the ele-
ment u € U to F and ng : U — L([0, 1]) defines its nonmembership
degree to the same universe U. Moreover, for all u € U, the sum of
the upper boundary values of m¢(u) and n¢(u) must be lower than
or equal to 1.

The pair (m¢(u),nc(u)) is called an interval-valued intuitionistic
pair, being £y ([0, 1]) the set of all possible interval-valued intuitio-
nistic pairs, i.e.,

£v([0,1]) = {(x,y), with x,y € L([0,1]) and X+ < 1}.

Remark 1. Note that £;y([0, 1]) consists of special types of inter-
vals, while (£([0,1]))? is a set of all possible intuitionistic pairs.

Definition 2.5. Let G, G, be two IVAIFSs. According to the order
given by Atanassov in [7], G; =< G, if and only if, for all u € U,
Me1 (1) =, Mgz (u) and ng; (u) <5 ne (v),

where =, is the partial order on L([0, 1]) given in Eq. (1).
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