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Choquet integrals with respect to non-additive (or fuzzy measures) have been used in a large number
of applications because they permit us to integrate information from different sources when there are
interactions. Successful applications use a discrete reference set.

In the case of measures on a continuous reference set, as e.g. the real line, few results have been
obtained that permit us to have an analytical expression of the integral. However, in most of the cases
there is no such analytical expression.

In this paper we describe how to perform the numerical integration of a Choquet integral with respect
to a non-additive measure.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

The Choquet integral [1] is an integral that can be used to inte-
grate a function with respect to a non-additive measure. It is well
known that this integral generalizes the Lebesgue integral in the
case that the measure is additive.

A large number of applications [2,3] exist nowadays mainly in
the areas of decision making, computer science (e.g., computer vi-
sion [4], fuzzy reasoning [5,6]) and economics. It has also been
used to build models of decision under uncertainty and risk.

Most existing applications typically use functions defined on a
finite set of reference. This is the case of the works mentioned
above and e.g. [7]. For functions on a finite set the computation of
the Choquet integral is easy from a computational point of view.

This is not the case when the reference set is infinite. For
example, if we want to integrate a function f: [0, 1] — [0, 1] with
respect to a non-additive measure. In recent papers [8-12], a few
results on analytic solutions of the Choquet integral for infinite
reference sets have been obtained. These papers give analytical
expressions for some families of functions and measures. We will
review some of these results below.

Nevertheless, these results are rather limited and there is inter-
est on computing the integral for arbitrary functions and arbitrary
measures. For example, the Choquet integral is used in economics
with continuous distorted probabilities (weighted functions com-
bined with probabilities) for some risk models. The work in [13]
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also discusses some examples in a continuous setting in order to
compute distances between non-additive measures. For some ex-
amples computation was not included because the analytical ex-
pressions for the Choquet integral are not available.

In this paper we consider the problem of computing a numer-
ical Choquet integral. We present some algorithms for some fam-
ilies of functions and give some examples. Implementations have
been done in the statistics software R. We compare the numeri-
cal integration of a monotonic function and the analytic expres-
sion that can be obtained using the results in [10] and [11] when
the analytical expression can be found.

The structure of this paper is as follows. In Section 2 we
present the results on non-additive measures and integrals which
are needed in the rest of the paper. This section includes also some
new results. In Section 3 our approach to numerical integration is
presented and examples are given. The paper finishes with some
conclusions and lines for future work.

2. Preliminaries

This section reviews the main topics needed in the rest of the
paper. We first focus on the definitions of non-additive measures
and the Choquet integral and latter we review some of the results
for obtaining analytical solutions of the Choquet integral. This sec-
tion finishes with some results on the continuity of distorted prob-
abilities.

2.1. Non-additive measures and the Choquet integral

Non-additive measures are known with different names in the
literature. Fuzzy measures, capacities, monotonic measures and


http://dx.doi.org/10.1016/j.inffus.2016.02.007
http://www.ScienceDirect.com
http://www.elsevier.com/locate/inffus
http://crossmark.crossref.org/dialog/?doi=10.1016/j.inffus.2016.02.007&domain=pdf
mailto:vtorra@iiia.csic.es
mailto:vtorra@his.se
mailto:narukawa@d4.dion.ne.jp
http://dx.doi.org/10.1016/j.inffus.2016.02.007

138 V. Torra, Y. Narukawa/Information Fusion 31 (2016) 137-145

monotonic games are some of them. A non-additive measure is a
monotonic set function. We give its definition below. For details on
fuzzy measures and integrals, definitions of measurable space and
measurable function and related topics see e.g. [14-16].

Definition 1. Let (X, 7) be a measurable space. A set function p
defined on F is called a non-additive measure if an only if

- 0 < u(A) < oo for any A € F;
- (@) =0;
- If A; € A; € F then w(Aq) < w(Ay).

Naturally, all additive measures satisfy the conditions of non-
additive measures. So, the latter are a generalization of the former
measures. Recall that a measure w is additive when u(AUB) =
HU(A) + u(B) for AnNB=4¢.

Distorted Lebesgue measures and distorted probabilities are ex-
amples of non-additive measures.

First note that the Lebesgue measure A for an interval [a, b] is
defined by A(|a, b]) = b —a, and that given a distortion function m
which is increasing (or non-decreasing) and such that m(0) =0,
the measure (t(A) = m(A(A)) is a distorted Lebesgue measure. We
denote a Lebesgue measure with distortion m by u = yum. When P
is a probability, ;(A) = m(P(A)) is a distorted probability. In this
case it is usual to require that m(1) = 1. We will use also the no-
tation m o A and m o P.

Given a non-additive measure its conjugate is of interest.

Definition 2. Given a non-additive measure @ on (X, F), with
u(X) finite (i.e., u(X) < oo, we define its conjugate or dual as the
measure ¢ defined as follows:

wEA) = p(X) — X\ A).

When a measure p is additive, it holds that @ (A) = uc(A).

Given a non-additive measure we can consider the problem
of integrating a function with respect to this measure. The Cho-
quet integral permits us to do so. This integral corresponds to the
Lebesgue integral when the measure is o-additive.

Definition 3 ([1]). Let X be a reference set, let (X, A) be a measur-
able space, let i be a non-additive measure on (X, .A), and let g be
a measurable function g: X — [0, +o0); then, the Choquet integral
of g with respect to u is defined by

(C)/gdu = /Ooo Mg (r)dr, (1)

where pug(r) 1= n({x|g(x) > ).

When the function g can take negative values, the functional
above cannot be applied. Two alternative definitions have been
considered in the literature, which are known as the symmetric
(or Sipos [17]) and asymmetric integral. Their definitions follow.

Definition 4. Let (X, A) be a measurable space, let © be a fi-
nite non-additive measure on (X, .A), and let g be a measurable
function; then, the symmetric Choquet integral, also known as the
Sipos integral) of g with respect to w is defined by

) [ &dn = © [ (v 0rdu-(© [((-g)v0yn. @)
Definition 5. Let (X,.4) be a measurable space, let i be a non-
additive measure on (X,.A), and let g be a measurable function;

then, the asymmetric Choquet integral of g with respect to u is
defined by

(AC) / gdye = (©) / (gv 0)du — (O) / ((—g) v 0)du, 3)

where u is the conjugate of .

In this work it is also relevant the Choquet integral of g with
respect to a non-additive measure p on a set A. This is defined by:

(C)/Agdﬂ = fom,u({x|g(x) > r}nA)dr. (4)

2.2. Some analytical solutions for the Choquet integral

The construction of analytical solutions for the Choquet integral
has been studied in several recent papers. See e.g. [8-12].

We review below some results that are used to evaluate the
methods for numerical integration proposed in this work.

We begin with results from [10].

Theorem 1 (Theorem 1 in [10]). Let f : [0, 1] — R be monotonic in-
creasing with f(0) = 0 and differentiable. Let A be the Lebesgue mea-
sure. Let m be defined as m(x) = Y"}_; axk for a, € R, and let p be
a distorted Lebesgue measure ;= mo A. Let {f;} be the sequence of
functions defined by

fi= [ s
ferr = /Oxfkd)»

forx € [0,1], k=1,2,.... Then, we have

© /[ = ; K1y fi (x)

for x € [0, 1].
In addition, the following result was also proven.

Proposition 1 (Corollary 1 in [10]). Let f be a continuous function f:
[0, 1] — [0, 1] with f(0) =0, and max,.[o 1) f(x) =1 and {x|f(x) =
1} a finite set and A be the Lebesgue measure on [0,1]. Then, there
exists a monotone increasing function f*: [0, 1] — [0, 1] such that

(C)/f*dmo/\: (C)ffdmo)\.

We review now another result from [11] which permits us to
compute the Choquet integral analytically of other functions when
the non-additive measure is a distorted Lebesgue measure.

Let m(t), g(t) and f(t) be continuously differentiable. Let
u([z, t]) be differentiable with respect to T on [0, t] for every t
> 0. We require the regularity condition that @ ({t}) = 0 holds for
every t > 0. Let u/([z, t]) denote (0/d7)u([T, t]), where we note
that u/([z, t]) < 0 for T < t. If u is a distorted Lebesgue measure
m, then @/ ([t,t]) = —m/(t — T) where m’(t) = dm(t)/dt.

Theorem 2 (Theorem 1 in [11]). Let F* be the class of measur-
able, non-negative, continuous and increasing (non-decreasing) func-
tions such that g: Rt — RT. Let g e FT, then the Choquet integral of
g with respect to i on [0, t] is represented as:

© /[o.t]gd“

/0 " u({zlg(®) = 1} n [0, tdr

—/Ot W ([z.the(r)dr. (5)
and when the measure is a distorted Lebesgue measure (. = [ then
[ el = o= [ e - oz

Let h: Rt — R* be a function. Then, its Laplace transformation

is denoted by H(s) and its inverse Laplace transformation by h(t) =
L7H(s)].
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