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a b s t r a c t

This paper proposes a new probability iterative closest point (ICP) approach with bounded scale based on
expectation maximization (EM) estimation for isotropic scaling registration of point sets with noise. The
bounded-scale ICP algorithm can handle the case with different scales, but it could not effectively yield
the alignment of point sets with noise. Aiming at improving registration precision, a Gaussian probability
model is integrated into the bounded-scale registration problem, which is solved by the proposed
method. This new method can be solved by the E-step and M-step. In the E-step, the one-to-one corre-
spondence is built up between two point sets. In the M-step, the scale transformation including the rota-
tion matrix, translation vector and scale factor is computed by singular value decomposition (SVD)
method and the properties of parabola. Then, the Gaussian model is updated via the distance and vari-
ance between transformed point sets. Experimental results demonstrate the proposed method improves
the performance significantly with high precision and fast speed.

� 2016 Elsevier Inc. All rights reserved.

1. Introduction

Point set registration is a fundamental problem of great impor-
tance that continues to attract considerable interest in pattern
recognition and image processing, such as image retrieval [1–3],
image registration and segmentation [4–6], 3D reconstruction
and mobile visual search [7–10]. The goal of registration is to
establish the corresponding relationship between two point sets,
and recover the optimal spatial transformation which yields the
best alignment. The Iterative Closest Point (ICP) algorithm is the
most popular approach for its good performance and simplicity
[11–13]. Moreover, many scholars studied the speed [14,15] and
robustness [16,17] of the ICP algorithm.

In the past few decades, a great number of scholars make great
efforts to improve the performance of ICP for registration of point
sets with a large amount of outliers and noise which exist widely in
practice. To handle the outliers, it has derived many methods. For
instance, one simple way is to employ geometry constraint method
[18], which often varied according to the shapes of the point sets,
so it is not robust enough. Meanwhile, the distance threshold was
also utilized [19–21]. Furthermore, the partial registration meth-
ods based on overlapping percentage are proposed for dealing with

the outliers [22,23]. To improve the precision of the registration of
point sets with noise, the probability was introduced to the regis-
tration algorithms. Based on expectation maximization (EM) prin-
ciple, the EM-ICP algorithm [24] was proposed which was
weighted by normalized Gaussian weights, and then Du et al.
[25] proposed a probability ICP algorithm for accurate rigid point
set registration with noise, but all of them did not take the scale
into account.

In the meanwhile, the original ICP algorithm does not take the
scale factor into consideration. To tackle with the isotropic scaling
issue, Zinßer et al. [26] introduced integrated estimation of the
scale factor. However, it requires a rough pre-alignment of the
point sets. Therefore, Ying and Du et al. [27,28] instead proposed
a novel approach named the Iterative Closest Point with Bounded
Scale (ICPBS) algorithm which integrated a scale with boundaries
into the traditional ICP algorithm for isotropic scaling registration
with few outliers. Meanwhile, a lot of scholars extend the approach
to varied cases. To improve the performance, Li et al. [29] intro-
duced a sparse-to-dense hierarchical model in ICP algorithm to
speed up the isotropic scaling registration. Moreover, Du et al.
[30] extended it to deal with outliers by the scaling registration
of partially overlapping point sets. However, it is lack of methods
to deal with the scaling registration of point sets with noise to
improve the precision.

For the purpose of taking the scale factor and noise into
account, the coherent point drift algorithm (CPD) [31] is extended
to the scaling registration, which adopts full correspondence
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relationship for all the points in the model point set and the shape
point set. Therefore, it increases the computational complexity and
the accuracy is limited for the small probabilities of incorrect point
pairs which are assigned by full correspondence of CPD algorithm.
To handle the problem of isotropic scaling registration with noise,
we introduce the EM principle and the scale factor, and then one-
to-one correspondence is employed which is for all the points in
the shape point set only needing to find the closest points in the
model set. The one-to-one correspondence is able to decrease the
influence of the incorrect points and maintain the original informa-
tion of point pairs without the interference of noise, which can
achieve high accuracy. However, the one-to-one correspondence
may cause the proposed algorithm trapped into the local mini-
mum, so the variance of Gaussian probability model is updated
from large to small step by step dynamically, which results in
the registration from coarse to fine. In the first stage, the variance
is assigned to be a big value, so all the points are close to uniform
distribution which is the coarse registration. As the variance
decreases, the distribution becomes close to the real distribution
of the registration error which is the fine registration. Experimen-
tal results on part B of CE-Shape-1, the Stanford 3D Scanning
Repository databases and the real map mergence verify the pro-
posed method has fast speed and high accuracy.

The rest of this paper is organized as follows. In Section 2, the
ICPBS algorithm is briefly reviewed. Following that is Section 3,
for the purpose of solving the isotropic scaling registration of point
sets with noise, by introducing the Gaussian probability model, the
probability iterative closest point algorithm with bounded scale is
presented. A series of experiments demonstrate the effectiveness
of our method in Section 4. Finally, the conclusion is drawn.

2. Iterative closest point with bounded scale

In the field of pattern recognition, training samples need to be
aligned which can be accomplished by image registration methods.
As points are basic features of images, point set registration is
important in image registration. The ICP is the classical algorithm
for the rigid registration of point sets. However, it cannot deal with
the isotropic scaling registration problems which exist widely such
as multi-resolution image registration. In practice, the isotropic
scaling registration needs to be considered.

Given two point sets in Rn: the shape point set

X ¼ fxigNx
i¼1ðNx 2 NÞ and the model point set Y ¼ fyjgNy

j¼1
ðNy 2 NÞ.

Aiming to ensure the consistency of the shape point set and the
model point set in Euclidean space, the ICPBS algorithm is
employed to compute the isotropic scale transformation which
can be expressed as the following least square (LS) problem:

min
s;R;t;cðiÞ2f1;2;...;Nyg

XNx

i¼1

kðsRxi þ tÞ � ycðiÞk22
 !

s:t: RTR ¼ In; detðRÞ ¼ 1; s 2 [k½ak; bk�
ð1Þ

where R is a rotation matrix, t is a translation vector, and s is the
scale factor whose lower boundary ak and upper boundary bk can
be given manually or estimated according to the characteristics of
the point sets, such as their covariance matrices.

The objective function can be solved by iteration. In each itera-
tion, the correspondence between the shape point set and the
model point set is built up, and then the scale transformation is
solved. These two steps are given as follows:

Step 1, set up the corresponding relationship between X and Y
with the ðk� 1Þth scale transformation ðRk�1; tk�1; sk�1Þ:

ckðiÞ ¼ argmin
j2f1;2;...;Nyg

kðsk�1Rk�1xi þ tk�1Þ � yjk22
� �

; i ¼ 1;2; . . . ;Nx ð2Þ

Step 2, solve the new scale transformation ðRk; tk; skÞ according
to the current correspondence fi; ckðiÞg:

ðRk; tk; skÞ ¼ argmin
RTR ¼ In;detðRÞ ¼ 1

s 2 [k½ak; bk�; t

XNx

i¼1

ksRxi þ t � yckðiÞk
2
2

 !
ð3Þ

Steps 1 and 2 are repeated until the algorithm converges. As the
algorithm is a local convergent method, good initial values of the
rotation matrix and translation vector are urgently important,
which not only drive the algorithm to converge, but also greatly
reduce the computational complexity. There are also many meth-
ods [27,28] to cope with the selection of initial values, which are
not concretely analyzed here.

3. Probability iterative closest point with bounded scale

3.1. Problem statement

In practice, the noise captured by the sensor or produced by the
image processing exists widely in point sets which is called shape
noise. Therefore, it is necessary to accomplish the isotropic scaling
registration for point sets with noise. The ICPBS algorithm can yield
the isotropic scaling registration with good accuracy and fast
speed, but it could not register two point sets with noise pre-
ciously. Fig. 1 exhibits a registration result of 2D noisy point sets.

In Fig. 1, the red points represent one shape without noise,
while the blue points show the noisy point set. The influence of
noise on the ICPBS registration result can be clearly seen from
the edge. Due to the disturbance of noise, the shape boundaries
after registration are not completely overlapped, so we consider
importing the Gaussian probability model. As the distances of
noisy points are far, so the probabilities calculated by Gaussian
model are small. Therefore, it assigns different importance to each
point according to the probabilities, in this way, noisy points
reduce the impact on the registration result which achieves satis-
factory consequence.

(a)                      (b)       (c)

Fig. 1. Isotropic scaling registration of 2D noisy point sets (red: the model point set without noise, blue: the shape point set with noise). (a) 2D Chicken. (b) Registration result
of ICPBS. (c) Amplification result of the green area. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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