J. Vis. Commun. Image R. 35 (2016) 184-192

Contents lists available at ScienceDirect

J. Vis. Commun. Image R. AL

Representation

journal homepage: www.elsevier.com/locate/jvci e

Image representation by harmonic transforms with parameters in

SL(2,R)™
Min Qi *, Bing-Zhao Li *>*, Huafei Sun *"

2School of Mathematics and Statistics, Beijing Institute of Technology, Beijing 100081, China
b Beijing Key Laboratory on MCAACI, Beijing Institute of Technology, Beijing 100081, China

€ Beijing College Finance and Commerce, Beijing 110000, China

@ CrossMark

ARTICLE INFO ABSTRACT

Article history:

Received 4 August 2014

Accepted 15 December 2015
Available online 23 December 2015

Keywords:

Image representation

Orthogonal moments and transforms

2-D linear canonical transform

Polar harmonic linear canonical transform
2-D linear canonical transform series
Kernel

Transform coefficients

Parameter sensitivity

In this paper, a kind of invariant harmonic transforms with parameters in SL(2,R) are proposed, which
include the polar linear canonical transform (PLCT) and the two-dimensional linear canonical transform
series (2-D LCTS). The capabilities of the PLCT and the 2-D LCTS on image representation are analyzed.
The experimental results show that the 2-D LCTS has much stronger capability on the image representa-
tion with respect to characters, and has better invariance of scale and noise than the other transforms.
Moreover, due to the varieties of parameters, the performance of the image representation is going
bad when parameters used in the reconstructing process are inconsistent with those in the decomposing
process. In other words, the proposed transforms can be used for the protection of the image safety
because they have free parameters than the traditional methods.
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1. Introduction

With the rapid development of the field of computer and com-
munication technology, digital images have become a significant
part of our lives. A large number of techniques for image process-
ing and reconstruction have been proposed in recent years. Among
them, the invariant moments and transforms have attracted more
and more researchers, and successfully been applied in visual pat-
tern recognition, face recognition, character recognition, digital
watermarking and edge detection. Readers are encouraged to refer
to [1-11] for more details and information.

Let f(x,y) be a given image function, then the moments or
transform coefficients are defined as

Mnm = // f(xv.V)K;m(va)dXdyv
JoJIx2y2<

where K., is a kernel with respect to integers n and m, and =
denotes the complex conjugate. Based on the orthogonality
property of the kernel K,,,, the moments and transforms are divided
into the orthogonal type and the non orthogonal type. The non-
orthogonal type includes Fourier-Radial Mellin Descriptors (FRMD)
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[12], Rotational Moments (RMs) [13] and Complex Moments (CMs)
[14,15]; while the orthogonal type includes Zernike Moments (ZMs)
[16,17], Pseudo-Zernike Moments (PZMs) [13], Orthogonal Fourier-
Mellin Moments (OFMMs) [3,18], Tchebichef Moments (TM) [19]
and Radial-Harmonic Fourier Moments (RHFMs) [20]. Because of
their good image-describing and image-reconstructing capability,
these methods are widely applied in image processing.

In order to overcome the high computational expense and
numerical instability issues at the greater moments of traditional
moments and transforms, Yap, Jiang and Kot in [22] introduced a
new kind of transforms, named the Polar Harmonic Transforms
(PHTs), whose kernels are significantly simpler to compute com-
pared with ZMs and PZMs. These transforms have advantages in
time complexity and numerical stability, and have been applied
in the image watermarking, seeing details in [23,24]. It should be
noticed that the PHTs can be seen as the forms based on the theory
of the Fourier Transform (FT) which is a special case of the Linear
Canonical Transform.

The Linear Canonical Transform (LCT) was introduced in [25] by
Moshinsky and Quesne during 1970s, which is a linear integral
transform with parameters in a real special linear group SL(2,R),
and has been proved to be a powerful tool in several areas, including
optics, signal processing, optimal filtering and time-frequency
analysis. We encourage the interested reader to consult
[26-28,30,29,31,32]. As will be seen that the FT, the fractional
Fourier Transform (FrFT), and the Fresnel transform (FRT) are the
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particular cases of the LCT. Until recently, to the best of our knowl-
edge, there are few research papers published about the LCT on the
image representation. Therefore, it is worthwhile to explore the
image representation associated with the theory of LCT.

In this paper, a kind of harmonic transforms with parameters in
a real special linear group SL(2,R) are proposed to improve the
capabilities of the existing results on the image representation
and the image safety. The capabilities of the new transforms on
the image representation are analyzed. Subsequently, the simula-
tion are also presented to verify image representation of the new
transforms, and the comparison of the proposed method with the
existing results are also given.

2. Preliminary
2.1. Orthogonal moments and transforms

In this subsection, we will present the basic concepts of the
orthogonal moments and transforms. For any integers n and m,
the moments (or transform coefficients) M,, of a finite function
f(x,y) is represented as [14,17,19,21]:

2T o1
M, — / / F(r. 0K, (1, 0)rdrdo,
JO JO

with Ky (1, 0) = Ry (r)Am(0), where R, (r) and A, (0) denote the radial
component and the angle component, respectively.

Compared with the non-orthogonal moments and transforms,
the performance of image representation can be improved by the
orthogonal moments and transforms. Thus, we pay more attention
on the orthogonal moments and transforms which satisfy the
orthogonality condition, i.e.,

2n 1
/ / Ko (1, 0)K;, (r, 0)rdrd0 :/ R.(r)R
0

2n
x | An(0)AL,(0)d0
0

=102 5nn’ 5mm’ )

w(r)yrdr

where 6,y =1 if n=n', otherwise 6,y =0 (O =1 if m=m’,
otherwise é,,, = 0), and ¢;, ¢, are constants.

Normally, the angle component is defined as A, (0) = exp(im6),
where i* = —1. Then different definitions of R, (r) are used to obtain
different moments and transforms. For example, the Polar Complex
Exponential Transform (PCET) in the PHTs is defined as [22]:

2n 1
My = | [ oK. oprrdo, (1)
T Jo Jo

with K (r, 0) = exp(i2nnr?) exp(im6); and the Polar Cosine Trans-
form (PCT) is given by

2n
w =% / / f(r,0KS: (r,0)rdrdo, )

with K, = cos(nnr?) exp(imf), where Q, =1 if n =0, otherwise
Q, =2 In [22], Yap et al. showed that the PCT can be viewed as
the best transform among the PHTs on the performance of the
image representation. In addition, the kernel of the ZMs and the
kernel of the PZMs can be respectively defined as

(n—|m))/2 (—1)5(1'1 _ s)!rn—ZS

Kin= > sl((n—|m|)/2 —s)!(n — |m| —s)!

s=0

im0
e™ n=0,1,...,

and

n—|m s s
Pz _ (-1)°’2n+1-s)Ir . -
o _ZS!(”+|m\+1fs)!(n—|m\75)!e , n=01,...

where " is an integer and |m| < n

2.2.LCT

For the sake of convenience, we denote a real special linear
group as

SL(2,R) = {A € M(2,R)| det(A) = 1},

where M(2,R) is the set of 2 x 2 real matrices. In the following, we
always write the matrix

a b
A=
[c d]
as A = [a, b; c, d] for convenience. For any A € SL(2,R), it is easy to see

that its inverse A7'= [d,—b;—c,a] and the determinant
det(A) =ad — bc = 1.
The one-dimensional LCT (short for 1-D LCT) with parameter
= [a,b;c,d] € SL(2,R) of a function f(x) is defined as [33]:

Jof COK (u, x)dx, b#0,
= Lalflu fexp( cdu >f(du), b=0, 3

where K(u,x) = /5 exp {2b [du? —2ux+ax2]}. Ly is the unitary

LCT operator, and Lf is a LCT of f corresponding to parameter A.

We know consequently that the FT, the FrFT as well as the FRT
are particular cases of the LCT. In fact, if we let a parameter
A = [cos 0,sin 0; — sin 0, cos 0], then the Eq. (3) can be represented
as the following

‘/12n51n0/[ exp{ [cot Ou? 72csc0ux+cot9x]}]dx.

It implies that the LCT contains the FrFT. And if A = [0,1; -1, 0], the

Eq. (3) simplifies to

u) = \/%/R[f(x) exp{—iux}]dx

which means that the LCT becomes to the product of the constant

v/—i and the FT. Moreover, taking A = [1,b;0, 1], we can obtain the
FRT as follows

Lalf](u \/;;/ { ) exp {ﬁ [u? —2ux+x2}de.

In the following, we will pay our attention to the LCT for b # 0.

Let A= [al,b1;C1,d1] and B = [az,bz;CZ,dzL b1 # 07 b2 # 0. The
authors in [38] gave the definition of two-dimensional LCT (short
for 2-D LCT) with parameters A and B:

L?'B(u7 Z}) = ‘CA,B[ﬂ(uv 1/) = /RZ f(x7y)KA=B(u7 v, xvy)dXdyv (4)

where

A.B 1 -1 2
K*(u,v,x,y) = 2n’/b1b exp{zb1 [diu? = 2ux 4 a1x ]}

- exp {zibz[dzv2 —2vy+ azyz}}

This implies that the 2-D LCT with matrix parameters in SL(2, R) has
eight parameters and its degree of freedom is 6. We also know that
the two-dimensional FrFT can be reduced from the 2-D LCT when
A =B ={cos0,sin0; —sin0,cos 0], and the two-dimensional FT can
be obtained from the two-dimensional FrFT if 6 = Z.

The inverse transform of the 2-D LCT (2-D ILCT) with parame-

ters A and B! is defined as:

Ly g (L} RY) = /R L, o)k (xy, u, v)dudo, (5)
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