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a b s t r a c t

Nowadays, the representation and the treatment of color images are still open problems. Mathematical
morphology is the natural area for a rigorous formulation of many problems in image analysis. Moreover, it
comprises powerful non-linear techniques for filtering, texture analysis, shape analysis, edge detection or
segmentation. A large number of morphological operators have been widely defined and tested to process
binary and gray scale images. However, the extension of mathematical morphology operators to multi-
valued functions, and in particular to color images, is neither direct nor general due to the vectorial nature
of the data. In this paper, basic morphological operators, erosion and dilation, are extended to color images
from a new vector ordering scheme based on a fuzzy order in the RGB color space. Experimental results
show that the proposed color operators can be efficiently used for color image processing.

& 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Techniques of artificial vision have been initially developed for
binary and gray scale images, where the information is codified by
2 and +2n 1 with ∈ n levels respectively. Nevertheless, the color is
an important source of information. For this reason, during the last
years these techniques have been developed for color images.
However, nowadays, the representation and the treatment of color
images are still open problems [1–4].

Mathematical morphology is the natural area for a rigorous
formulation of many problems in image analysis, as well as a
powerful non-linear technique which includes operators for the
filtering, texture analysis, shape analysis, edge detection or seg-
mentation. In the 1980s, Matheron and Serra [5–8] proposed the
last mathematical formulation of morphology within the algebraic
framework of the lattices. This means that the definition of mor-
phological operators needs a totally ordered complete lattice
structure. In that context, before defining the basic morphological
operators (erosion and dilation) it is necessary to define an order
on the space used for processing the images.

The definition of an order for both binary and gray levels
images is straightforward because for both sets an order relation
exists, inclusion for binary images and the order relation inherited
from  for gray levels image. However, for color images two
problems arise. On one hand, the chromatic space in which the
image is processed [9,10]. On the other hand, it is not clear what
order is the best because of the vectorial nature of the data [11–
19]. Barnett [20] introduced four types of vector orderings: mar-
ginal (M-order), reduced (R-order), conditional (C-order) and
partial (P-order). When applied to color data, all these orderings
have certain disadvantages, depending on the goal. For instance,
the marginal ordering introduces false colors [16,21,22] and the
conditional ordering generates visual nonlinearities from the hu-
man perception point of view; the reduced and partial orderings
are either relying on pre-orderings, thus lacking the anti-sym-
metry property, or generate perceptual nonlinearities, as condi-
tional orderings.

A widely used order in the literature is the lexicographic one.
Several authors have used the complete lattice associated to this
order and defined the dilation and erosion operators for color
images according to it [1,10–12,18,21]. Although the results based
on it are successful, this order is not suitable because some com-
ponent is more important than the others when vectors are sorted.
Therefore, it is necessary to make a choice in advance and there-
fore the component selected as priority will have more weight
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than the others, so that the order will depend on this choice. This
is an important drawback because in many problems all the
components must have the same importance.

The starting point of this paper is fuzzy mathematical mor-
phology. It is a different approach extension of the mathematical
morphology's binary operators to gray level images, by redefining
the set operations as fuzzy set operations. It is based on fuzzy sets
theory [23–30]. The goal of this paper is to define the operators of
the fuzzy mathematical morphology for color images through the
use of a fuzzy order. In addition, the extended operators consider
all the components with the same weight and avoid false colors.

Note that this approach could be applied to other multivariate
images. However, the extension of mathematical morphological
operators to multichannel data with hundreds of spectral channels
is not straightforward. Some interesting results about ordering for
multivariate images in high dimensional spaces can be found in
[31–33]. The approach proposed in [31] consists in computing an
order based on the distance to a central value, obtained by the
statistical depth function, while in [32] an additive morphological
decomposition based on morphological operators is considered.
On the other hand, in [33], the authors presented different kinds of
partial orders based on the end member representation of the
hyperspectral images.

This paper is organized as follows: Section 2 reviews the gen-
eral concepts of the mathematical morphology for color images;
Section 3 presents the main contribution of this paper, i.e., a fuzzy
ordering based on preference relations. Besides, the way in which
the fuzzy order is applied to color images is explained. Section 4
studies invariant properties. In Section 5 the results obtained with
the fuzzy mathematical morphology for some color images are
shown. Finally, the last section details some conclusions and dis-
cusses possible future lines of research.

2. Mathematical morphology for color images

Mathematical morphology (MM) is a non-linear theory for
spatial analysis of images where the topological relations and the
geometry of the objects in the image are the parameters char-
acterizing the object under study [5–7,34]. The main idea of this
methodology is the decomposition of a operator into a combina-
tion of the basic operators: erosion, dilation, anti-erosion and anti-
dilation, as well as the supreme and the infimum operations.

Fuzzy set theory has been extensively applied to image pro-
cessing [27]. In particular, one extension of binary MM is the
fuzzy mathematical morphology (FMM) [23,24,27–30,35]. It in-
corporates fuzzy logic concepts for extending binary morphologi-
cal operators to gray levels images allowing us to model and
manipulate in a different way the uncertainty and imprecision
present almost in all different types of images. One possible ap-
proach is to fuzzify the logical operators involved in the inter-
section and inclusion definitions required to define dilation and
erosion [23,24]. In the same line in [27] fuzzy dilation and fuzzy
erosion is presented a similar approach but t-norms are used in-
stead of a conjunctor to define the fuzzy dilation and the asso-
ciated model implicator to define the fuzzy erosion. This model is
less general than the previous one. Extending the Minkowski ad-
dition to an operation on fuzzy sets in n is another possibility to
define a fuzzy dilation [24]. There are also other different ap-
proaches as those based on non-fault operators [36].

The afore mentioned approaches extend the initial basic mor-
phological operators defined for sets (binary images) in an im-
mediate way to functions (gray levels images) [5–7,34,37]. This
extension was made in a natural way because in both sets exist an

order relation, inclusion for binary images and the order relation
inherited from  in the case of gray level images. Therefore, the
complete lattice can integrate the theoretical models of the MM.
Assuming this, the color mathematical morphology (CMM) can be
developed from the MM for gray level images. In that case, the
definition of a complete lattice in the color space representing the
chromatic information of the digital images becomes necessary.
However, there is not a natural order for multidimensional data
and therefore the extension of MM to CMM is not straightforward.

This will be our starting point for processing color images.
Analogously to CMM, the FMM for color images is developed from
the definition of a total fuzzy order.

The morphological processing of color images, modeled as
functions τ⊂ → ⊂ f D: f

2 3 (Df is the domain of the image and τ
represents the color space) is usually performed from two points
of view: the marginal processing and the vectorial processing [13].

The marginal processing consists in applying the morphological
operators defined for gray scale images to each color component of
the image. An important drawback of this approach is that false
colors usually appear as the combination of the processing com-
ponents that generate new sequences of pixels. Actually this is an
important problem that should be avoided. The vectorial proces-
sing is based on applying a unique operation to the image con-
sidering it as an indivisible composition of vectorial pixels. In such
approach the notion of a complete lattice arises and therefore the
definition of a total order over the subset τ of 3 becomes ne-
cessary. Since there is not any natural order in these sets, it is
necessary to establish an appropriate order on color space τ.

As marginal processing is a particular case of vectorial pro-
cessing, once the order is defined, it is possible to provide a gen-
eral definition for the basic operators called erosion and dilation
(see Section 2.2). Previously, it is necessary to introduce the con-
cept of a structuring element.

2.1. Structuring element

MM examines the geometrical structures of the image by
checking a small neighborhood, called structuring elements (SEs),
in different parts of the image. The SE is a completely defined set
whose geometry is known in advance. It is compared to the image
through translations. The size and shape of the SEs are chosen a
priori depending on the morphology of the set over which it in-
teracts and also according to the desired shape extraction. The SEs
are then moved, so that they cover the whole image pixel by pixel,
making a comparison between each element and the image.

To define the operators of the CMM, the SE plays an important
role. In this case, the SE is not a set as in the binary case or a
function as in the case of gray levels images, but it indicates the
neighborhood over which the pixels of the image are compared.

Definition 1. Let ⊂ → f D: f
2 3 be a color image, let ∈x Df be a

pixel, and let ( )D d,f be a metric space. A structuring element (SE for
short) for a color pixel x is a neighborhood:

( ) = { ∈ ( ) ≤ } ( )B x r y D d x y r, : , 1f

where r denotes any positive real number, which is called
diameter.

Remark 2. The function d is a metric or distance function on Df,
that is, for any ∈x y z D, , f , d satisfies the following properties:

i. ( ) ≥d x y, 0,
ii. ( ) = ⇔ =d x y x y, 0 ,
iii. ( ) = ( )d x y d y x, , ,
iv. ( ) ≤ ( ) + ( )d x y d x z d z y, , , .
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