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Abstract

We discuss the realization of a fast, robust and accurate pattern matching algorithm for comparison of digital images
implemented by discrete Circular Harmonic expansions based on sampling theory. The algorithm and its performance for re-
assembling fragmented digital images are described in detail and illustrated by examples and data from the experimentation
on an art fresco real problem. Because of the huge database of patterns and the large-scale dimension, the results of the
experimentation are relevant to describe the power of discrimination and the efficiency of such method.
© 2005 Pattern Recognition Society. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Since 1994, the authors have been involved in the fas-
cinating attempt to recall to life a very important Italian
*The experimental part of this work has been supported by art fresco (A. Mantegna, Cappella Ovetari, Chiesa degli

Fondazione Cassa di Risparmio di Padova e Rovigo, in agreement Eremi_tani in Pa_dOV?-)v fragmented in thousands of pieces by
with Soprintendenza al Patrimonio Storico Artistico e Demoet- an Allied bombing in the Second World War (1944)-3].

noantropologico del Veneto, Italy. Recently, a digital cataloging of the fragment images made
*Corresponding  author.  Tel..  +390498277081; fax: possible to count their exact number (80735). The distribu-
+390498277102. tion of the areas shows that most are relatively small, with
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1The work of M.F. has been developed during his Doctorate

an average surface area of 5-6%m total area of 77 f
versus an original surface of several hundreds square me-
in Computational Mathematics at the Department of Pure and ters. These a priori data demonstrated the lack of continuous

Applied Mathematics of the University of Padova, Italy. He also fragments for any given fragmeﬁt ar.]d makes extremely
acknowledges the financial support provided through the European !mprobable that any reconstruction will be successful us-
Union’s Human Potential Programme, under contract HPRN-CT- ing methods based on the outline shape of the fragments.
2002-00285 (HASSIP). There is no information on the possible location of the
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pieces on the huge original surface and it is unknown also
the angle of rotation with respect to the original orienta-
tion. Some fairly good quality black and white photographs
from between 1900 and 1920 exist, but they suffer from
non-linear spectral distortion. A more detailed and com-
plete description of the problem can be found in the contri-
bution [4].
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age with the CH system is a total information that can be
used then for a complete comparison with an other signal.
We discuss the discrete implementation of CH expansions
by sampling and we will show that by limiting the system
to a suitable and computable finite number of elements one
can efficiently calculate the moments and preserve with opti-
mal approximatiorcompletenesdocal orthonormalityand

These facts impose that any feasible computer-based so-self-steerabilityalso in the discrete domain. Section 3 illus-
lution for a possible recomposition by comparison of the trates the pattern recognition algorithm and its complexity
fragments and the fresco digital gray images must be is discussed with respect to a reference optimal method. In

Section 4, numerical results and robustness of the algorithm
o fast because of the huge number of fragments and original in real cases are discussed and compared with the reference
surface of the fresco; optimal method. An appendix collects notations and con-
robust because of the strong noise presence and intrinsic ventions used in the paper.
differences between the images, due to the damage of the
bomb and the different photographic techniques;
accurate because of the fairly small dimensions of the
fragments;
translation-rotation invariant because of the unknown
original location and orientation of the fragments.

2. Discrete compactly supported Circular Harmonics

Compactly supported CHs arise as natural solutions of the
Laplace eigenvalue problem on a disk under Dirichlet con-
ditions[16], and they are related to relevant physical prob-
The request of a fast algorithm excludes the implemen- lems with rotation invariant symmetries. In fact, since the
tation of any comparisopixel-by-pixeland suggests that ~ Laplacian commutes with rotations, CH are also eigenfunc-
methods based on (compressed) series expansions can b&0ns of any rotation operator. Let us introduce their formal
more efficient. Besides other classical expansions, like definition as follows. We denote by?(2) the Lebesgue
Laguerre-Gausf5] or Zernike polynomialg6] (fairly dif- space of square-summable functions@rc R?. Assume
ficult to implement numerically), Circular Harmonic (CH) @« C R? is a disk of radius: > 0. The system of CH func-
decompositions have found a relevant role in pattern match- tions on&, is defined in polar coordinates by
ing because of their rotation invariance (self-steerable)

. . . . . im0
properties and their effective and successful optical imple- ",

(jm,nr/a)€

em,n,a(r,0) = meZ, neN,

mentationd7-10]. In this paper, we want to present a digi- (1)
tal/numerical implementation of compactly supported CHs 1

and an effective 2D pattern recognition algorithm, based 1| dJp(s)

on these discrete expansions, which fulfills all the required ¢m.n =7 2 |: ds |, y } ' @

properties listed above. The algorithm and its performance
are described in detail and illustrated by examples and data where J,,’s are Bessel functions of the first kind of order
from the experimentation on the fresco real problem. Be- m € Z, (jm.n),en iS the sequence of their positive zeros
cause of the huge database of patterns and the large-scalg17], andc,, » is a normalization constant. We summarize

dimension, the results of the experimentation are relevant to
describe the power of discrimination and the efficiency of
such method. Other problems can be interpreted in such a
picture: experiments in character recognition, motion field
detection and local rotation registration have also given
very good results.

In literature, other kind of expansions have been presented
as possible tools for pattern matching: To cite some, 2D
(CH) wavelets[11-13] and multiscale self-steerable pyra-
mid decomposition$14,15] Even if they have given very
interesting and promising results on small scale and local
registration problems, it is still difficult to implement algo-
rithms where a reasonable and feasible compromise among

speed, robustness and location-rotation resolution can be re-

alized on large scales.

The paper is organized as follows: Section 2 illustrates
the CH expansions and their properties. In particular, it is
shown that the moments constructed by correlation of a im-

their properties
(i) CH constitute an orthonormal basis b (Q2,) [16],i.e.,

<em’n7a’ gm/’n/,a) = /;2 em’nya(x)em/’n/’a(x) dx
a

= (S(m.n),(m’.n’)l

being f(x) the complex conjugate of (x), and solve
the Laplace eigenvalue problem:

emma € HY(Qq) N C®(Qy),

jmn \?
Aem,n,a = _< a’ > em,n,a
emn.a(x)=0 Vx e€0Q,, 3)

where Hol(Qu) is the Sobolev space of functions van-
ishing on the borded?,,.
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