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a b s t r a c t

A new method is proposed for fast and low-complexity computation of exact 3D Legendre moments. The
proposed method consists of three main steps. In the first step, the symmetry property is employed
where the computational complexity is reduced by 87%. In the second step, exact values of 3D Legendre
moments are obtained by mathematically integrating the Legendre polynomials over digital image vox-
els. An algorithm is employed to significantly accelerate the computational process. In this algorithm, the
equations of 3D Legendre moments are treated in a separated form. The proposed method is applied to
determine translation-scale invariance of 3D Legendre moments in a very simple way. Numerical exper-
iments are performed where the results are compared with those of the existing methods. Complexity
analysis and results of the numerical experiments clearly ensure the efficiency of the proposed method.

� 2011 Elsevier B.V. All rights reserved.

1. Introduction

Image analysis using the orthogonal Legendre moments was
introduced by Teague (1980). Legendre orthogonal moments can
be used to represent an image with the minimum amount of infor-
mation redundancy (Teh and Chin, 1988). Based on these attractive
properties, Legendre moments are used in many applications such
as pattern recognition (Chong et al., 2004, Luo and Lin, 2007), face
recognition (Haddadnia et al., 2001), line fitting (Qjidaa and
Radouane, 1999), texture analysis (Bharathi and Ganesan, 2008),
template matching (Omachi and Omachi, 2007, Hosny, 2010b),
palm-print verification (Pang et al., 2003), occupant classification
system for automotive airbag suppression (Farmer and Jain,
2003), comparison of two-dimensional polyacrylamide gel electro-
phoresis maps images (Marengoa et al., 2005), retrieval and classi-
fication (Yadav et al., 2008), and tool wear monitoring (Barreiro
et al., 2008). It is well known that, the direct computation of Legen-
dre moments is time consuming process and the computational
complexity increased by increasing the moment order.

Remarkable methods have been proposed to improve the accu-
racy and reduce the computational times of Legendre moments
(Yap and Paramesran, 2005; Hosny, 2007a,b). These methods are
devoted to computing 2D Legendre moments. In the literature of
moment computation, only one work is presented to compute 3D
Legendre moments. Hsu et al. (2001) proposed a method to
approximately compute Legendre moment for polyhedra. They

applied Gaussian theorem to transform the volume integral into
a surface one, then deduced the double integral from the simple
integral by a Green’s theorem. As we know, polyhedra are special
cases of 3D objects. This is the main weak points of their work.
Hsu and his co-authors consider binary images only. They assume
that, the 3D binary images/objects are entirely determined by their
boundary surface. This is another weak point.

Recently, 3D images gains more interest where representation
and description of 3D features and the reconstruction of 3D im-
age/objects are very important in many scientific fields such as
medical imaging, multimedia and molecular biology. The lack of
fast and accurate 3D Legendre moments and moment invariants
is the motivation of this study.

This paper proposes a new method for fast and low-complex-
ity computation of exact 3D Legendre moments. Symmetry prop-
erty is employed where 87% of the computational complexity is
reduced. The set of 3D Legendre moments are computed exactly
by using a mathematical integration of Legendre polynomials
over the object voxels. Then, a fast algorithm is applied in order
to accelerate the computational process. Translation-scale 3D
Legendre moment invariants are derived in a very simple way.
Detailed complexity analysis of the proposed and conventional
methods is presented. Complexity analysis and the results of con-
ducted numerical experiments clearly show the efficiency of the
proposed method.

The rest of the paper is organized as follows: in Section 2, an
overview of 3D Legendre moments and object reconstructions
are given. The proposed method is described in Section 3. Section
4 is devoted to discussing the computational complexity and the
results of numerical experiments. Conclusion and concluding
remarks are presented in Section 5.
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2. 3D Legendre moments

The 3D Legendre moments of order (p + q + r) for an image/
object with intensity function f(x,y,z) are defined over the cube
[�1,1] � [�1,1] � [�1,1] as:

Lpqr ¼ kpqr

Z 1

�1

Z 1

�1

Z 1

�1
PpðxÞPqðyÞPrðzÞf ðx; y; zÞdxdydz; ð1Þ

where the coefficient kpqr is defined as:

kpqr ¼
ð2pþ 1Þð2qþ 1Þð2r þ 1Þ

8
: ð2Þ

Legendre polynomial, Pp(x), of order p is defined as:

PpðxÞ ¼
Xp

k¼0

Bk;pxk ð3Þ

with x 2 [�1,1] and the coefficient matrix Bk,p defined as:

Bk;p ¼ ð�1Þ
p�k
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The Legendre polynomial, Pp(x), obeys the following recursive
relation:

Ppþ1ðxÞ ¼
ð2pþ 1Þ
ðpþ 1Þ xPpðxÞ �

p
ðpþ 1Þ Pp�1ðxÞ ð5Þ

with P0(x) = 1, P1(x) = x and p > 1. The set of Legendre polynomials
Pp(x) forms a complete orthogonal basis set on the interval [�1,1].
The orthogonality property is defined as:Z 1

�1
PpðxÞPqðxÞdx ¼

0; p – q;
2

ð2pþ1Þ ; p ¼ q:

(
ð6Þ

A digital 3D image or object of size M � N � K is a multidimensional
array of voxels. Centers of these voxels are the points (xi,yj,zk),
where the image/object intensity function is defined only for this
discrete set of points (xi,yj,zk) 2 [�1,1] � [�1,1] � [�1,1]. The sam-
pling intervals in the x -, y- and z-directions Dxi = xi+1 � xi, Dyj =
yj+1 � yj, Dzk = zk+1 � zk, respectively. In the literature of digital im-
age processing, the sampling intervals Dxi, Dyj and Dzk are fixed
at constant values Dxi = 2/M, Dyj = 2/N and Dzk = 2/K respectively.
Therefore, the points (xi,yj,zk) will be defined as follows:

xi ¼ �1þ i� 1
2

� �
Dx; yj ¼ �1þ j� 1

2

� �
Dy and

zk ¼ �1þ k� 1
2

� �
Dz ð7Þ

with i = 1,2,3, . . .,M, j = 1,2,3, . . .,N and k = 1,2,3, . . .,K. For the dis-
crete-space version of the image, Eq. (1) is usually approximated by:

eLpqr ¼
ð2pþ 1Þð2qþ 1Þð2r þ 1Þ

MNK

�
XM

i¼1

XN

j¼1

XK

k¼1

PpðxiÞPqðyjÞPrðzkÞf ðxi; yj; zkÞ: ð8Þ

Moments calculated using Eq. (8) are the approximated zeroth-
order (ZOA) 3D Legendre moments.

2.1. Object reconstruction using 3D Legendre moments

Since, Legendre polynomial Pp(x) forms a complete orthogonal
basis set on the interval [�1,1] and obeys the orthogonal property,
the image/object intensity function f(x,y,z) can be expressed as an

infinite series expansion in terms of the Legendre polynomials over
the cube [�1,1] � [�1,1] � [�1,1]:

f ðx; y; zÞ ¼
X1
p¼0

X1
q¼0

X1
r¼0

LpqrPpðxÞPqðyÞPrðzÞ; ð9Þ

where 3D Legendre moments, Lpqr, are computed over the same
cube. If only Legendre moments of order smaller than or equal to
Max are given, then the function f(x,y,z) in Eq. (9) can be approxi-
mated as follows:

f̂ Maxðx; y; zÞ �
XMax
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q¼0
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Lp�q;q�r;rPp�qðxÞPq�rðyÞPrðzÞ: ð10Þ

The number of moments used in this form for image reconstruction
is defined by:

Ntotal ¼
ðMaxþ 1ÞðMaxþ 2ÞðMaxþ 3Þ

6
: ð11Þ

2.2. Translation invariance of 3D Legendre moments

Central 3D Legendre moments are translation invariants. These
moment invariants of order (p + q + r) are defined as:

upqr ¼ kpqr
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The centroid of the 3D image/object, (x0,y0,z0), is computed from
the intensity function as follows:

x0 ¼
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To compute these central 3D moments, Ong et al. (2006) expressed
the translated Legendre polynomials in terms of the original Legen-
dre polynomials according to the relation:

Ppðx� x0Þ ¼
Xp

k¼0

tpðp�kÞPp�kðxÞ; ð14:1Þ

Pqðy� y0Þ ¼
Xq

m¼0

sqðq�mÞPq�mðyÞ; ð14:2Þ

Prðz� z0Þ ¼
Xr

‘¼0

grðr�‘ÞPr�‘ðzÞ: ð14:3Þ

According to the conditions, k � S1 = even, k � S2 = even, the matrix
tp(p�n) is defined by using the following equations:

tPP ¼ 1; ð15:1Þ

tpðp�kÞ ¼
1

Bðp�kÞðp�kÞ
�

Xk

S1¼1

p� kþ S1
S1

� �
ð�x0ÞS1Bpðp�kþS1Þ

"

�
Xk�1

S2¼1

tpðp�S2ÞBðp�S2Þðp�kÞ

#
: ð15:2Þ

The matrices sq, (q�m) and gr, (r�‘) are defined by using similar equa-
tions. Based on Eqs. (15), it is clear that, the matrices tp(p�n), sq, (q�m)
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