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a b s t r a c t

Linear Discriminant Analysis (LDA) and its nonlinear version Kernel Discriminant Analysis (KDA) are
well-known and widely used techniques for supervised feature extraction and dimensionality reduction.
They determine an optimal discriminant space for (non)linear data projection based on certain assump-
tions, e.g. on using normal distributions (either on the input or in the kernel space) for each class and
employing class representation by the corresponding class mean vectors. However, there might be other
vectors that can be used for classes representation, in order to increase class discrimination in the
resulted feature space. In this paper, we propose an optimization scheme aiming at the optimal class
representation, in terms of Fisher ratio maximization, for nonlinear data projection. Compared to the
standard approach, the proposed optimization scheme increases class discrimination in the reduced-
dimensionality feature space and achieves higher classification rates in publicly available data sets.

� 2014 Elsevier B.V. All rights reserved.

1. Introduction

Linear Discriminant Analysis (LDA) is a well-known algorithm
for supervised feature extraction and dimensionality reduction. It
aims at the determination of an optimal subspace for linear data
projection, in which the classes are better discriminated. Non-
linear extensions [12,25,24,3,22,16,5] exploit data representations
in arbitrary-dimensional feature spaces (determined by applying a
non-linear data mapping process). After the determination of the
data representation in the arbitrary-dimensional feature space, a
linear projection is calculated, which corresponds to a non-linear
projection of the original data. In both cases, the adopted criterion
is the ratio of the between-class scatter to the within-class scatter
in the reduced-dimensionality feature space, which is usually
referred to as Fisher ratio.

LDA optimality is based on the assumptions of: (a) normal class
distributions with the same covariance structure and (b) class rep-
resentation by the corresponding class mean vector. Under these
assumptions, the maximization of the Fisher ratio leads to maximal
class discrimination in the reduced-dimensionality feature space.
Although relying on rather strong assumptions, both LDA and its
kernel extensions have proven very powerful and they have been
widely used in many applications, including face recognition/veri-
fication [28,27,7,14,30], human action recognition [8,9], person
identification [21,10,29] and speech recognition [4].

By observing that the between-class and within-class scatter
matrices employed for the determination of the optimal data
projection matrix in LDA can be considered to be functions of the
class representation, it has been recently shown that, when the
two aforementioned assumptions are not met, the adoption of
class representations different from the class mean vectors leads
to increased class discrimination in the reduced-dimensionality
feature space [11]. In addition, it has been shown that, given a data
projection matrix determined by maximizing the criterion adopted
in LDA, the optimal class representations can be analytically
calculated. In order to determine both the optimal data projection
matrix and the optimal class representations, an iterative optimi-
zation scheme has been proposed [11].

In this paper, we extend the method in [11] in order to operate
in arbitrary-dimensional feature spaces for non-linear supervised
feature extraction and data projection. We formulate an optimiza-
tion problem that exploits a non-linear data mapping process to an
arbitrary-dimensional feature space, in which optimized class
representations are determined. By employing such optimized
class representations, a linear data projection from the arbitrary-
dimensional feature space to a reduced-dimensionality discrimi-
nant feature space is subsequently calculated. We show that, the
determination of the optimal class representation in the arbi-
trary-dimensional feature space has a closed form solution, similar
to the linear case. For the determination of the optimal data projec-
tion exploiting the optimal class representations, we introduce the
proposed criterion to the Spectral Regression framework [3] and
we describe an efficient algorithm to this end. Finally, we combine
the two aforementioned optimization processes and propose an
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iterative optimization scheme for the determination of both the
optimal class representation and the optimal (non-linear) data
projection. The proposed criterion is evaluated on standard classi-
fication problems, as well as on human action and face recognition
problems. It is shown that, by exploiting optimized class represen-
tations, increased class discrimination can be achieved in the
decision space leading to enhanced classification performance.

The rest of the paper is structured as follows. We briefly
describe the non-linear version of LDA, i.e. the Kernel Discriminant
Analysis (KDA), in Section 2. The proposed Kernel Reference
Discriminant Analysis (KRDA) algorithm is described in detail in
Section 3. Experimental results comparing its performance with
the standard approach are provided in Section 4. Finally, conclu-
sions are drawn in Section 5.

2. Kernel Discriminant Analysis

Let us denote by xij 2 RD; i ¼ 1; . . . ;C; j ¼ 1; . . . ;Ni a set of D-
dimensional data, each belonging to one of C classes. The number
of samples belonging to class i is equal to Ni. In order to determine
a nonlinear data projection, the input space RD is mapped to an
arbitrary-dimensional feature space F (usually having the proper-
ties of Hilbert spaces) [19,2,1] by employing a function
/ð�Þ : xij 2 RD ! /ðxijÞ 2 F determining a nonlinear mapping from
the input space RD to the arbitrary-dimensional feature space F .
/ð�Þ can either be chosen based on the properties of the problem
at hand, e.g. for histogram-based data representations the RBF-v2

kernel has been proven to be the state-of-the-art choice [31], or
can be determined by applying kernel selection methods. In the
second case, a linear combination of a priori chosen kernel func-
tions is usually learned based on optimization, e.g. as in [13]. In
F , we would like to determine a data projection matrix P that
can be used to map a given sample /ðxijÞ to a low-dimensional fea-
ture space Rd of increased class discrimination power:

yij ¼ PT/ðxijÞ; yij 2 Rd: ð1Þ

This can be achieved by maximizing the following criterion:

J KDAðPÞ ¼
traceðPT SbPÞ
traceðPT SwPÞ

; ð2Þ

where the matrices Sb; Sw are given by:

Sb ¼
XC

i¼1

Ni /ðmiÞ � /ðmÞð Þ /ðmiÞ � /ðmÞð ÞT ; ð3Þ

Sw ¼
XC

i¼1

XNi

j¼1

/ðxijÞ � /ðmiÞ
� �

/ðxijÞ � /ðmiÞ
� �T

: ð4Þ

In (3) and (4), /ðmiÞ is the mean vector of class i in F , i.e.
/ðmiÞ ¼ 1

Ni

PNi
j¼1/ðxijÞ. /ðmÞ is the mean vector of the entire set in

F , i.e. /ðmÞ ¼ 1
N

PC
i¼1

PNi
j¼1/ðxijÞ, where N ¼

PC
i¼1Nij. The direct

maximization of (2) is intractable, since Sb; Sw are matrices with
arbitrary (possibly infinite) dimensions. In practice we overcome
this problem by exploiting the so-called kernel trick [19,2,1]. That
is, the maximization of (2), as well as the multiplication in (1), are
inherently computed by using dot-products in F .

The maximization of (2) with respect to P leads to the determi-
nation of a data projection that can be used to map the original
data to a reduced-dimensionality feature space where the data dis-
persion from the corresponding class mean vectors is minimized
and the dispersion of class mean vectors from the total mean is
maximized. In the cases where the classes (when represented in
F ) follow normal distributions with the same covariance structure,
by maximizing (2) maximal class discrimination can be achieved.

However, this is a strong assumption which may not be met in
many real problems. As has been shown in [11], the determination
of optimized class representations enhances class discrimination in
the projection space in the cases where the assumptions of LDA are
not met. In the following, we describe an iterative optimization
scheme that can be exploited in order to determine both the opti-
mal class representations in F and the optimal projection for non-
linear data mapping exploiting such optimized representations.

3. Kernel Reference Discriminant Analysis

In this Section we describe in detail the proposed Kernel Refer-
ence Discriminant Analysis algorithm. Let us denote by Ui a matrix
containing the samples belonging to class i (represented in F ), i.e.
Ui ¼ ½/ðxi1Þ; . . . ;/ðxiNi

Þ�. By using Ui; i ¼ 1; . . . ;C we can construct
the matrix U ¼ ½U1; . . . ;UC � containing the representations of the
entire data set in F . The so-called kernel matrix K 2 RN�N is given
by K ¼ UTU. Let us denote by Ki 2 RN�Ni a matrix containing the
columns of K corresponding to the samples belonging to class i.
That is, K ¼ ½K1; . . . ;KC �, where Ki ¼ UTUi.

In KRDA, each class i is represented by a vector /ðliÞ. /ðliÞ is
not restricted to be the class mean in F , but can be any vector
enhancing class discrimination in the projection space Rd. In order
to determine both the optimal data projection matrix P and the
optimal class representations /ðliÞ, we propose to maximize the
following criterion with respect to both P and li:

J KRDAðP;liÞ ¼
traceðPT ~SbðliÞPÞ
traceðPT ~SwðliÞPÞ

; ð5Þ

where the matrices ~SbðliÞ; ~SbðliÞ are given by:

~SbðliÞ ¼
XC

i¼1

Ni /ðliÞ � /ðmÞ
� �

/ðliÞ � /ðmÞ
� �T

; ð6Þ

~SwðliÞ ¼
XC

i¼1

XNi

j¼1

/ðxijÞ � /ðliÞ
� �

/ðxijÞ � /ðliÞ
� �T

: ð7Þ

~Sw describes the class dispersion with respect to /ðliÞ in F . That is,
the maximization of (5) leads to the determination of a data projec-
tion that can be used to map the original data to a reduced-dimen-
sionality feature space Rd, where the data dispersion from the
corresponding class reference vector ~li ¼ PT/ðliÞ is minimized,
while the dispersion of the class reference vectors from the total
mean is maximized. In the following, we assume that the data set
is centered in F .1

3.1. Calculation of P

In order to determine the optimal data projection matrix P we
work as follows. Let us denote by p an eigenvector of the problem
~SbðliÞp ¼ k~SwðliÞp with eigenvalue k. p can be expressed as a linear
combination of the data (representated in F ) [19,2,1], i.e.

p ¼
PC

i¼1

PNi
j¼1aij/ðxijÞ ¼ Ua, where a 2 RN . In addition, we can

express /ðliÞ as a linear combination of the samples belonging to

class i, i.e. /ðliÞ ¼
PNi

j¼1bij/ðxijÞ ¼ Uibi, where bi 2 RNi . As it will
be described in Appendix A, by setting Ka ¼ u, the aforementioned
eigenproblem can be transformed to the following equivalent
eigenproblem:

BðbiÞu ¼ kWðbiÞu: ð8Þ

1 This can always be done by using ~/ðxijÞ ¼ /ðxijÞ � /ðmÞ, leading to a centered
version of the kernel matrix given by ~K ¼ 1

N K1� 1
N 1Kþ 1

N2 1K1, where 1 2 RN�N is a
matrix of ones.
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