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This paper reviews the TPS-RPM algorithm (Chui and Rangarajan, 2003) for robustly registering two sets
of points and demonstrates from a theoretical point of view its inherent limited performance when out-
liers are present in both point sets simultaneously. A double-sided outlier handling approach is proposed
to overcome this limitation with a rigorous mathematical proof as the underlying theoretical support.
This double-sided outlier handling approach is proved to be equivalent to the original formulation of
the point matching problem. For a practical application, we also extend the TPS-RPM algorithms to
non-rigid image registration by registering two sets of sparse features extracted from images. The inten-
sity information of the extracted features are incorporated into feature matching in order to reduce the
impact from outliers. Our experiments demonstrate the double-sided outlier handling approach and the
efficiency of intensity information in assisting outlier detection.
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1. Introduction

Surface matching or image registration problems frequently
arise in the medical imaging and computer vision domains (Zitova
and Flusser, 2003; Maintz and Viergever, 1998). The registration is
a process to establish point correspondence between two surfaces
or images. Both surface matching and image registration can boil
down to searching for an optimal transformation as well as the cor-
respondence between two sets of points. Typically, in the image
registration case, the points could be pixel locations of the images,
or some sparse features extracted from the images. In general, the
resulting point matching problem is difficult since both the corre-
spondence and transformation are unknown. Furthermore, various
factors such as the noise, outliers, and deformations can make the
problem even more difficult. In literature, researchers approached
this problem normally based on an iterative estimation framework,
since optimal solution of the correspondence (transformation) is
much easier to produce if the transformation (correspondence) is
known. The well-known iterated closest point (ICP) algorithm (Besl
and McKay, 1992) is one example to solve for an underlying rigid
transform between two point sets. Later developed methods ex-
tended the fundamental idea of ICP to address non-rigid mappings
of two point sets (Cross and Hancock, 1998; Rohr et al., 2001;
Belongie et al., 2002; Chui and Rangarajan, 2003; Zheng and Doer-
mann, 2006; Taron et al., 2009; Gerogiannis et al., 2009; Boughor-
bel et al., 2010). Some of these methods even possess the capability
to detect outliers automatically (Chui and Rangarajan, 2003; Zheng
and Doermann, 2006). The outliers here are specifically referred to
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those points in one point set that have no correspondence in the
other point set. These outliers should be identified and rejected
during the matching process. In this paper, we particularly focus
on solving the point matching problem when a considerable
amount of outliers exist simultaneously in both point sets.

The TPS-RPM algorithm (Chui and Rangarajan, 2003) was orig-
inally developed to solve the point matching problem in the pres-
ence of outliers. This method takes advantage of the softassign
technique (Rangarajan et al., 1997) and the deterministic annealing
technique (Yuille and Kosowsky, 1994) for robust point matching
and it is able to handle outliers existing in the fixed point set
(the point set is fixed during matching). However, the inherent
structure of TPS-RPM algorithm does not efficiently handle outliers
that simultaneously exist in both point sets. The Generalized Ro-
bust Point Matching (G-RPM) algorithm (Lin et al., 2003) derived
from the TPS-RPM algorithm presented an alternative to solve
the problem of outliers in both point sets by incorporating the cur-
vature information. Although the G-RPM algorithm offered a dou-
ble-sided-outlier handler, it did not provide a rigorous proof to
show the equivalence between the original formulation of point
matching problem and the energy function of the double-sided-
outlier handler. In this paper we will review the TPS-RPM algo-
rithm and demonstrate from a theoretical point of view its inher-
ent limited performance when outliers are present in both point
sets simultaneously. We will also present a double-sided outlier
handling approach to overcome this limitation with a rigorous
mathematical proof as the underlying theoretical support. This
double-sided outlier handling approach is proved to be equivalent
to the original formulation of the point matching problem. For a
practical application, we also extend the TPS-RPM algorithm to
non-rigid image registration by registering two sets of sparse
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features extracted from two images. The intensity information of
the extracted features are incorporated to regularize the overall
energy function of TPS-RPM algorithm in order to reduce the im-
pact from outliers, which are resulted from automatic feature
extraction, the common case in most real applications. Our exper-
iments demonstrate the double-sided outlier handling approach
and the efficiency of intensity information in assisting outlier
detection.

The remainder of this paper is organized as follows. A review of
the TPS-RPM algorithm and the analysis of its outlier handling
function are given in Section 2. In Section 3 we provide a mathe-
matical proof to demonstrate a double-sided outlier handling ap-
proach. Section 4 extends the TPS-RPM algorithm to image
registration by incorporating intensity information. Experimental
results for both point matching and image registration are pro-
vided in Section 5. Finally, we conclude our work in Section 6.

2. Review of the TPS-RPM algorithm

Given two point sets, the moving point set X={x;:i=1,2,...,L}
and the fixed point set Y={y; :j=1,2,...,N} (X, Y € %? for the sake
of simplicity in presentation), the TPS-RPM algorithm detects the
correspondence between X and Y and match these two point sets
according to a smooth non-rigid transformation. To describe the
algorithm, we first introduce the notation for the correspondence
matrix and the spatial transformation. A binary correspondence ma-
trix P with dimension (L + 1) x (N + 1) is defined to characterize the
correspondence between X and Y,
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The matrix P consists of two parts. The L x N inner submatrix de-
fines the correspondence between X and Y. If x; corresponds to y;,
then p;=1, otherwise p;=0. The (N+1)th column and the
(L +1)th row define the outliers in X and Y, respectively. If x; (or
¥;) is an outlier, then pjn+1 =1 (or pi+1;=1). P satisfies the row
and column normalization conditions, °)'p; =1, for i=1,2,..,L,
and /*/p; =1, for j=1,2,...,N. Let f denote a non-rigid spatlal
transformation that is used to characterize the non-rigid transform
between X and Y. Under the mapping f, the point set X is trans-
formed to X' = {x} =f(x;):i=1,2,...,L}.

2.1. Objective function

The TPS-RPM algorithm minimizes the following energy func-
tion for point matching,
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Here £ in (2) is an operator denoting the smoothness regularization.
Specifically, the thin-plate splines (TPS) are applied here,
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where u and v represent the two dimensions of the points. The last
term in (2) is designed to prevent excessive outlier rejection. 2 and ¢
are the weighting parameters to balance these terms.

Solving objective function (2) results into two coupled optimiza-
tion problems: one is the correspondence problem, which is cast as
a discrete linear assignment problem (Papadimitriou and Steiglitz,
1998), and the other is the transformation problem, which boils
down to a least-square continuous optimization problem. The
TPS-RPM algorithm adopts the softassign and deterministic anneal-
ing techniques to convert the discrete correspondence problem to a
continuous one and thus achieves a robust point matching. The ba-
sic idea of softassign (Rangarajan et al., 1997) is to relax the binary
correspondence matrix P to take values from interval [0,1], while
the row and column normalization constraints are enforced via
the iterated row and column normalization method (Sinkhorn,
1964). The deterministic annealing technique (Yuille and Kosow-
sky, 1994) is introduced to control the behavior of the fuzzy corre-
spondence. This technique is a heuristic continuation method that
attempts to find the global optimum of the energy function at high
temperature and tracks it as the temperature decreases. An entropy
term, TZJ'L Zf:1p,»j log p;;, is added to the energy function (2) for this
purpose. Here T is called the temperature parameter, which de-
creases gradually during optimization. This entropy term enables
the fuzzy correspondence matrix to improve gradually and contin-
uously during the optimization process instead of jumping around
in the space of binary permutation matrices and outliers. When T
reaches zero, P becomes binary and the outliers are identified nat-
urally from the matrix (1). The objective function with a fuzzy cor-
respondence matrix (to simplify notation, we use P as well) is
formulated as
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2.2. The TPS-RPM algorithm

The TPS-RPM algorithm solves the optimization problem in (5)
and (6) as follow, which is similar to the EM algorithm involving a
dual update process embedded within an annealing scheme. The
two-step update is briefly summarized here.

o Step 1: Update the correspondence P by fixing the transforma-
tion f. For correspondence pointsi=1,2,...,L and j=1,2,...,N,

T
Py T“PFW ﬂmymﬂmq "
and for outliers possibilities in X, i=1,2,...,Land j=N+1,
Diny1 = Tlo exp {— i 7f(x')?ro(yN+l f(xz))] (8)
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