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a b s t r a c t

Two types of noise induced oscillations (NIOs) near Hopf bifurcation and coherence resonance (CR) have
been studied analytically in a calcium system. One is NIOs with small amplitude and internal signal
stochastic resonance (CR type I) occurs, and the other is noise induced spike and the regularity of which
reaches a maximum at an optimal noise level (CR type II). For the first type, stochastic normal form theory
is employed to analyze the signal to noise ratio of the NIOs depending on the noise intensity. For the sec-
ond type, based on the independent assumption, activation time and excursion time have been split, and
the sum of which reach a minimum with the variation of noise intensity. The theoretical evidence is also
explained in detail. Numerical simulations show good agreements with the theoretical results. It may
indicate some kind of transmit mechanism involved in stochastic calcium dynamics.

� 2017 Published by Elsevier B.V.

1. Introduction

Stochastic oscillation (SR) and related phenomena have gained
extensive attention in the last two decades [1]. Among these,
coherence resonance (CR) is of particular interest, in that nonlinear
systems driven by external or internal noise can produce a coher-
ent response even in the absence of an external signal. Originally
termed ‘autonomous SR’ since its introduction by Hu et al. [2],
CR effects have been demonstrated theoretically and experimen-
tally in many systems [3–6]. Typically, there are two types of CR
behavior: in the systems where the oscillation results from super-
critical Hopf bifurcation (HB), harmonic noise induced oscillations
(NIOs) with small amplitude can be observed, even when the con-
trol parameter is located in the steady state region. The perfor-
mance of the NIOs, characterized by an effective signal-to-noise
ratio (SNR), also shows maxima with the variation of the noise
intensity. This type of CR has been termed ‘internal signal stochas-
tic resonance (SR)’ [7]; in the excitable systems such as a neuron,
noise can induce large amplitude relaxation oscillation known as
‘spikes’ in the sub-threshold region, the regularity of which reaches
a maximum at an optimal noise level [4,5]. Since oscillations are of
ubiquitous importance in many physical, chemical and biological
systems, both types of CR have gained a lot of attention in many
scientific disciplines.

It is well known that intracellular calcium (Ca2+) is one of the
most important second messengers in the cytosol of living cells
[8–9]. Many physiological processes [9–11], such as intracellular
and extracellular signaling processes, muscle contraction, cell fer-
tilization, gene expression, and so on, are all controlled by the
oscillatory regime of the cytosolic calcium concentration. The
information about environmental stimuli is encoded with the fre-
quency or amplitude of calcium oscillations, which can effectively
transmit many kinds of complex physiological information [12]. It
has also been proposed that even at the cellular level, Ca2+ dynam-
ics are intrinsically stochastic [13–15]. The effects of noise on the
dynamics of calcium oscillations, from experimental data, shown
directly that noise and other stochastic effects indeed play a cen-
tral role [16–20] in system. For instance, Matjaž Perc group sug-
gested that noise may be beneficial for the stability and
robustness of calcium oscillations [17] and could induce periodic
calcium waves [18]. Chunhua Zeng et al. [20] has studied the effect
of time delay on intracellular calcium dynamics which driven by
non-Gaussian noises. The CR phenomenon has also been discov-
ered in intracellular calcium oscillation [21–25], however, the
underlying mechanism of CR in calcium oscillation system is still
unknown to us.

In the present paper, we will investigate how noise would influ-
ence two types of CR phenomenon near supercritical Hopf bifurca-
tion in the calcium system. To be different from many previous
works, our analysis is mainly theoretical which can give a system-
atic understanding. On one hand, if the noise intensity is small
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enough, the first CR phenomenon is occur. According to the stan-
dard bifurcation method [26], the system’s dynamics near the
bifurcation point can be reduced to a normal form equation gov-
erning the evolution of a complex magnitude on the two-dimen-
sional center manifold associated with the two conjugate
eigenvalues of the Jacobi matrix of the vector field. After a
‘‘stochastic averaging procedure”, a simplified stochastic normal
form was finally obtained from which analytical expressions for
the probability distribution function of the oscillation amplitude
and correlation time, and SNR (defined as height of the peak in
the power spectral density divided by its half-height width) of
the stochastic oscillation were all obtained. These theoretical
expressions make it quite straightforward to predict the effects
of the noise on the CR phenomenon in calcium oscillation system.
On the other hand, if the noise intensity is large enough, spike can
be induced and the second CR phenomenon can be observed. The
squared CV can split into two parts (independent assumption):
activation time and excursion time. The sum of the two parts
attains a minimum with the variation of noise intensity. The
numerical simulations are also performed here, and the results
show rather good agreement with the theoretical calculation.

2. Model and simulation results

Stochastic models of intracellular calcium oscillations and
waves observed in the experiments for a variety of cell types have
been studied previously. According to the model of intercellular
calcium oscillations proposed by Höfer [27], there are only consid-
ering the interaction of calcium fluxes from and into the endoplas-
mic reticulum (ER) and across the plasma membrane of the
calcium signaling dynamics in a single cell. In the case of the ago-
nists noradrenalin and vasopressin there exists a critical agonist
dose above which a hepatocyte responds with regular calcium
oscillations. Cytoplasmic oscillations are accompanied by phase-
shifted oscillations in ER calcium content. The deterministic model
for time evolution of concentration of the cytosolic Ca2+ (denoted
by x) and total Ca2+ in the cell (denoted by z) are as following:
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where P is the inositol 1,4,5-trisphosphate (IP3) concentration in the
cell, and the IP3 receptors (IP3R) release function krðx; PÞ describes
the gating kinetics of IP3 receptor R. The parameter q, a and b
denote the ratios of the total areas of plasma membrane and the
effective cytosolic volume, the total areas of the ER membrane
and the plasma membrane, and the effective volumes of the ER
and the cytoplasm, respectively. According to Ref. [27], the effect
of a change in q is straightforward to evaluate by realizing that it
corresponds to a rescaling of time in Eq. (1). Changes in a leave
the period practically constant, even when a changes �10-fold. By
contrast, the period increases appreciably when b is increased,
and it indicates that the refilling process of the ER is crucial in deter-
mining the oscillation period. Besides, we choose values for the rate
constants that yield results consistent with experimental observa-
tions. It is note that a crude expression is chosen for calcium-release
activated calcium entry by assuming that the average store concen-

tration of calcium decreases with the level of activation, and hence
calcium entry increases with P, up to a maximal rate vc .

The parameter values are chosen as follows: a ¼ 2:0, b ¼ 0:1,
q ¼ 0:02, v0 ¼ 0:2 lM s�1, vc ¼ 4:0 lM s�1, v3 ¼ 9:0 lM s�1,
v4 ¼ 3:6 lM s�1, k0 ¼ 4:0 lM, k3 ¼ 0:12 lM, k4 ¼ 0:12 lM,
d1 ¼ 0:3 lM, d2 ¼ 0:4 lM, d3 ¼ 0:2 lM, dp ¼ 0:2 lM, da ¼ 0:4 lM,
k1 ¼ 40:0 s�1, k2 ¼ 0:02 s�1. See Fig. 1 for the bifurcation diagram
in the vicinity of the HB point and the frequency f ¼ 1=T (denote
by star), where T is the period of the limit cycle. With the variation
of the control parameter P, the system has a supercritical Hopf
bifurcation (HB) points at PH � 1:450 lM and a canard point at
PC � 1:446 lM.

The small oscillation appears when PH < P < PC and relaxation
oscillation occurs when P > PC .

For simplicity, the system we considered in above model sub-
jected to additive noise as Eq. (2). It is worthy to note that the fol-
lowing theoretical analysis in the present letter can be extended to
more general cases.
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where eðtÞ stands for Gaussian white noise with zero mean and unit
variance, and D0 denotes noise intensity. Our analysis is focused on
the parameter region outside but close to the supercritical HB,
where two types of NIOs and CR can be found with the variation
of noise intensity. Assuming that the control parameter P ¼ 1:44
which is sub-threshold for the deterministic calcium oscillations,
however, when the noise is considered, the results altered. If the
noise is too weak (Fig. 2(a)), for instance, 2D ¼ 10�8, there would
be small calcium oscillations. On the contrary, if the noise is large
enough (Fig. 2(b)), 2D ¼ 10�3, continuous calcium spikes appear,
and xc ¼ 0:25 is taken as the critical value of spike. Furthermore,
the phase portrait of small oscillations are shown in Fig. 2(c); the
phase portrait of spikes and nullcline for the system are plotted in
Fig. 2(d).

In this paper, we are mainly focus on the underline mechanism
of two different types of CR which influenced by noise intensity. On
one hand, to measure the relative regularity of the stochastic small

Fig. 1. Bifurcation diagram for x (denote by triangle), and the frequency f ¼ 1=T
(denote by star), where T is the period of the limit cycle. The Hopf bifurcation point
is pH � 1:450, and the canard point is pC � 1:466.
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