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a b s t r a c t

Escape under the action of the external modulation constitutes a nontrivial generalization of an conven-
tional Kramers rate because the system is away from thermal equilibrium. A derivation of this result from
the point of view of Langevin dynamics in the frame of Floquet theorem in conjunction with the Kapitza–
Landau time window (that leads to an attractive description of the time-dependent quantum dynamics in
terms of time-independent one) has been provided. The quantum escape rate in the intermediate-to-high
and very-high damping regime so obtained analytically using the phase space formalism associated with
the Wigner distribution and path-integral formalism bears a quantum correction that depends strongly
on the barrier height. It is shown that an increase of (amplitude/frequency) ratio causes the system to
decay faster, in general. The crossover temperature between tunneling and thermal activation increases
in the presence of field so that quantum effects in the escape are relevant at higher temperatures.

� 2014 Elsevier B.V. All rights reserved.

1. Introduction

Activated escape over a potential barrier plays a fundamentally
important role in many areas of physics, chemistry, diffusion in
solids and on solid surfaces [1]. Apart from the well established
applications, new and exciting applications of activated escape
phenomena to biology and to nano-science have kept the subject
at the forefront of current research, both theoretical and experi-
mental [2–4]. Much effort has already been given to explore the
unknown features associated with a plethora of phenomena shap-
ing a host of biological processes [5]. The ion pumps, motor pro-
teins and the likes are no longer contemplated as wind-up toys,
they are rather true molecules with very specific functions that
are dictated by switching on from one conformational motif to
the other. As a consequence, these molecular processes strictly
abide by the rules of chemical kinetics for surmounting the
activation barrier that separates the two conformational states.
This barrier crossing dynamics embodies a panorama of associated
issues related to nonlinear dynamics and (internal and/or external)
equilibrium as well as nonequilibrium perturbations.

Activation in the presence of time-varying fields has also become
a subject of great interest due to the discovery of many counterintu-
itive noise-assisted effects [6,7]. Apart from its fundamental

significance, motivation to study this problem arises from recent
work on the dynamical strength of molecular bonds [8]. The under-
lying mechanism due to the external force is readily manipulated
for adiabatically slow (low-frequency) periodic driving, where the
system remains in quasi-stationary situation under the instanta-
neous value of the driving force. From a theoretical point of view,
the probability distribution of particles always follows the Boltz-
mann form, and the second law of thermodynamics sets strict
restrictions on the behavior of the system. For such a situation,
the escape rate can at any time be approximated by the escape rate
in the frozen system [6,9]. A completely different picture has
emerged for the dynamics of a particle that is driven by a rapidly
oscillating potential (ROP), where driving becomes nonadiabatic
in nature due to the extremely complicated interplay between glo-
bal properties of the metastable potential and the external driving.
It is known that an additional external driving force applied to the
Brownian particle can break the energy balance mechanism and
make the composite system thermodynamically open. The direct
consequence of this is the loss of the fluctuation–dissipation rela-
tion. The situation is much more demanding, as well as complicated
and, despite its paramount importance, it has been studied much
less extensively than the first one. On the other hand, the possible
behavior of the modulated system is much more multifaceted,
and decisive, often counterintuitive effects can occur [10–12]. For
high-frequency (nonadiabatic) driving, the quantity of primary
interest is the escape rate. A complete theoretical development for
the nonadiabatic escape is still nontrivial and challenging, as one
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may no longer assume that the system is in equilibrium and there-
fore worth pursuing [12–19].

Although the classical theory of escape of a Brownian particle
from a metastable well is well developed and discussed [20–23],
much less is known for the corresponding quantum mechanical
model [24–27]. Unfortunately, at present, any well founded ap-
proach for barrier crossing process is not available in this regime.
This is due to the fact that in the quantum regime, the interplay
of quantum fluctuations in the bath and system dynamics yields
long-range retardation effects in time, as a result of which the con-
struction of general tractable equations of motion becomes very
difficult [27–29].

The dynamics of a quantum Brownian particle in the very high
damping (VHD) limit, where the underlying kinetic equation is the
Smoluchowski equation, have been extensively investigated at var-
ious levels of description by a large number of workers [29–36].
The regime of the Smoluchowski limit corresponds to a separation
of time scales between equilibration of momentum, which is fast,
and equilibration of position, which is slow. In the limit of high
friction (Smoluchowski limit), the velocity part of the phase space
distribution of a Brownian particle quickly relaxes to equilibrium.
The master equation for the time evolution of the Wigner distribu-
tion function in phase space provides a useful tool for the calcula-
tion of quantum corrections to classical models of dissipation such
as Brownian motion (see, for example, [29,37–40]). As shown re-
cently by Coffey et al. [29,32,33], the Wigner formalism can be
used to derive a semiclassical form of the Smoluchowski equation.
They proposed a method for the determination of the effective dif-
fusion coefficient of a quantum Brownian particle based on the
thermal Wigner distribution for the uncoupled system. Another
very useful tool to describe nonequilibrium time-dependent dissi-
pative phenomena is the path integral approach. The work by
Ankerhold et al. [31] has shown how to take advantage of the path
integral representation of quantum mechanics for a rigorous deri-
vation of the quantum Smoluchowski equation (QSE). This equa-
tion has already been used in many applications of the quantum
Brownian motion in a periodic potential [41–44]. It is enlightening
to point out at this juncture that Ray Chaudhuri and coworkers
[45] have demonstrated that their QSE is equivalent to those of
Ankerhold et al. [31], Coffey et al. [29,32,33] and Dillenschneider
et al. [36] for the harmonic oscillator case when terms up to �h2

are being preserved. Despite the various methodological develop-
ments and numerous attempts in the past few decades for the
quantum Smoluchowski equation of undriven systems, investiga-
tion for driven quantum systems still remains a challenge.

In our present work, we continue our study [17,18] in the pres-
ence of time-periodic rapidly oscillating single pulse. In our devel-
opment, we have assumed that the driving frequency is very large,
much larger than all other relevant system frequencies associated
with the system dynamics and one can thus exploit Kapitza–Lan-
dau [46] time window that is based on a separation of the particle’s
motion into a ‘slow’ and a ‘fast’ changing part. Thereby, we obtain
an effective time-independent dynamics of the system alone. For
large frequency, the amplitude of the fast motion can be assumed
to be small, since due to its inertia, the particle does not have the
time to react to the force which is induced by the oscillating poten-
tial before this force changes sign. In Ref. [18], we have investi-
gated the escape rate in the VHD region for a quantum particle
moving in a time-periodic rapidly oscillating potential in the frame
of path-integral approach. This brings to fore a new broad perspec-
tive for the study of activated processes in nonequilibrium open
systems. Adopting our present method of effective quantum
Brownian dynamics in presence of a ROP, we present in this paper,
a careful study on the nonequilibrium activated barrier crossing
process by exploiting Wigner phase space formalism. The aim of
this paper is twofold: we first study the effect of a time-periodic

ROP on the escape rate obtained via path-integral approach and
Wigner’s phase-space formulation [29,32,33] in the intermediate
to high damping (IHD) and Smoluchowski limit. Second, the escape
results so obtained using Wigner formalism will then be compared
with those calculated from the QSE recently published by Shit et al.
[18] from the path-integral representation of dissipative quantum
mechanics due to Ankerhold and coworkers [31]. This comparison
nicely portrays the effectiveness and flexibility of the quantum
Smoluchowski equation emerged from the path integral and Wig-
ner formulations of quantum dissipative systems.

2. General formulation for a rapidly varying time-periodic force
in the frame of system–reservoir coupling environment

In this section, we shall investigate the dynamical behavior of a
modulated quantum system in contact with a heat bath. In this
case, the system has to be considered as an open system. The cou-
pling with a heat bath causes damping of the quantum system and
no longer is the dynamics predicted by the Schrödinger equation
alone. As we have already stated, we focus on the result that on
time scales larger than the period of perturbation, the dynamics
is equivalent to one in which the periodic perturbation is replaced
by a time independent effective potential. This important result is
derived by Jung in Ref. [47] through a Fokker–Planck equation ap-
proach. Here, we briefly provide an alternative derivation of this
result through the Langevin dynamics approach with special refer-
ence to the applications we will be dealing with in this paper. As
the system is far from thermal equilibrium and cannot be charac-
terized by Boltzmann distribution, the transition rate needs to be
calculated from system dynamics. In order to be away from any
restriction of amplitude or frequency of the driving force, and of
the number of states in the potential, we treat the problem in
the framework of the Floquet formalism [48,49].

For the sake of simplicity only, we restrict ourselves to the
one-dimensional case. A generalization of the formalism to high-
er-dimensional cases is straightforward. We employ here the
following system-reservoir Hamiltonian of Zwanzig form [9]:
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� �

; p̂j
� �� �
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where the last two terms represent respectively the system and
oscillating potentials with a vanishing time average (consequently,

any interesting effect is due to the rapidly oscillating potential). V̂1

is a periodic function of xt, which enables the use of the Floquet
formalism and can be identified as V1ðx;xðt þ sÞÞ ¼ V1ðx;xtÞ and
1
T

R T
0 dtV1ðx;xtÞ ¼ 0. As mentioned earlier, when the external force

changes significantly slowly in time, the system essentially remains
in equilibrium with the instantaneous potential. If that is not the
case, the solution to the problem becomes a lot more difficult be-
cause no general methodology is available [48]. In one such work,
Smelyanskiy et al. [14] considered the canonical problem of an
overdamped Brownian particle which is also subjected to a periodic
force and a white Gaussian noise. They estimated the time depen-
dent escape rate for arbitrary values of the driving frequency but
subject to the constraint that the amplitude of forcing is small com-
pared to the barrier height. Lehmann et al. [15] also attempted to
estimate the escape rate for arbitrary amplitude and frequency in
the frame of path integral formulation. In the limit of vanishing
noise strength, although their results are exact, the model breaks
down at higher frequencies for a given noise strength. It is this re-
gime that our work deals with. In fact, here, we intend to calculate
the escape rate in the parameter regime where the amplitude of
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