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a b s t r a c t

The first theoretical observation of the tricritical point for the isotropic to biaxial nematic phase transition
of biaxial nematic liquid crystals in the presence of an external field is reported. The influence of an exter-
nal magnetic field on the isotropic to biaxial nematic phase transition have been studied using Landau
phenomenological theory. Topological classification of phase diagrams in the field – temperature coordi-
nates is performed. It is shown that for a particular value of the magnetic field, the first order isotropic to
biaxial nematic phase transition becomes second order phase transition at a tricritical point.

� 2013 Elsevier B.V. All rights reserved.

1. Introduction

During the last decade much progress has taken place in the
field of biaxial nematic ðNBÞ liquid crystals both experimentally
[1–15] and theoretically [16–41]. The first experimental discovery
of the NB phase in lyotropic mixture of potassium laurate, decanol
and water was confirmed by Saupe and coworkers [1–3]. They
showed that over a limited concentration range three distinct
nematic phases are stable: two uniaxial (NþU (prolate) and N�U (ob-
late)) and one biaxial ðNBÞ, which merge at a four-phase ‘‘Landau’’
point with the high temperature isotropic phase. The NþU –NB and
N�U –NB phase transitions appear to be second order followed by a
first order isotropic (I)-uniaxial nematic (NU) phase transition. Fur-
ther experiments [5,6,9–13,15] on lyotropic systems also con-
firmed these observations. A few micellar systems are known for
which the phase diagrams involving uniaxial and biaxial nematic
phases suggest the existence of the ‘‘Landau’’ point on the I–NU

phase transition line. The nematic phases formed can be positive
(prolate, rod-like) or negative (oblate, plate-like) uniaxial and even
biaxial depending on the shape of the micelles. The optical and X-
ray investigations on liquid crystalline side-on side-chain polymers
by Leube and Finkelmann [7,8] indicate the existence of a NB phase.
They observed a direct phase transformation from isotropic to
biaxial nematic (I-NB) for a range of concentrations.

Theoretical descriptions of the biaxial state based on a Landau
model were originally developed by Freiser [16] and Alben [17].
Their investigations predicted that a biaxial nematic phase is likely

to form as an intermediate phase between two uniaxial nematic
phases of oblate and prolate character, respectively. Theoretical
studies [16–20,26] indicate that for systems with molecules with
sufficiently low symmetry, a biaxial nematic state at lower temper-
ature is expected, unless the system crystallizes before. There is
another system in which a NB phase could occur: a mixture of
rod-like and plate-like molecules of comparable size and in compa-
rable amounts [19,22,23,30]. The molecular mean-field approxi-
mation and computer simulation studies [31–33,36,39,40] also
confirmed the formation of the biaxial nematic phase. Mukherjee
and Sen [38] studied the I–NB phase transition within a Landau
theory. They also demonstrated that several biaxial phases and di-
rect I–NB phase transition are possible depending on the sign of the
order parameter values. These results were experimentally verified
by Souza et al. [13]. Mean field and computer simulation studies
[34–36] also confirmed the I–NB phase transition. Matteis and Vir-
ga [36] predict the possibility of a tricritical point along the line of
the direct I–NB phase transition.

It is worthwhile to point out that the mean-field and Landau
theories mentioned above are able to reproduce the experimental
observations of the direct I–NB phase transition in the absence of
an external field. It is interesting to study the I–NB phase transition
in the presence of an external magnetic field. Although Gramsber-
gen et al. [26] discussed the NU–NB phase transition in the presence
of an external magnetic field, apparently no theoretical study has
been undertaken on the I–NB phase transition in the presence of
an external magnetic field.

We present here an analysis for the I–NB phase transition in the
presence of an external magnetic field based on our previous anal-
ysis [38]. We find that the field induced tricritical point is indeed
attainable in the I–NB phase transition line. The structure of the
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phase diagrams in the vicinity of the tricritical points is investi-
gated by Landau theory.

2. Theory

The starting point of our approach is the Landau free energy F
used previously by several authors to study the behavior of
I–NU–NB phase transitions. The nematic order parameter originally
proposed by de Gennes [42,43] is a symmetric, traceless second
rank tensor. The orientational order in a biaxial nematic liquid
crystal can be described by the symmetric, traceless, second rank
tensor order parameter Qij

Q ijð~rÞ ¼ Sð~rÞ nið~rÞnjð~rÞ �
1
3

dij

� �
þ gð~rÞ½mið~rÞmjð~rÞ

� ð~nð~rÞ � ~mð~rÞÞið~nð~rÞ � ~mð~rÞÞj� ð2:1Þ

where Sð~rÞ is the modulus of the uniaxial part of the order param-
eter and gð~rÞ represents the degree of biaxiality in Qij. nið~rÞ and
mið~rÞ are orthogonal eigenvectors of Qij corresponding to eigen-
values 2

3 Sð~rÞ and � 1
3 Sð~rÞ þ gð~rÞ respectively. The Landau free energy

density in the presence of an external magnetic field for biaxial
nematic phase can be obtained as up to sixth order in Qij and obtain

F ¼ F0 þ
1
2

AQijQ ij �
1
3

BQijQ jkQki þ
1
4

C1ðQijQ ijÞ2

þ 1
4

C2QijQ jkQ klQ li þ
1
5

D1ðQ ijQijÞðQ klQ lmQ mkÞ

þ 1
5

D2Q ijQ jkQ klQ lmQ mi þ
1
6

E1ðQ ijQ ijÞ3 þ
1
6

E2ðQ ijQ ijÞ

� ðQklQ lmQ mnQnkÞ þ
1
6

E3ðQ ijQ jkQ kiÞ2 �
1
2

DvmaxHiHjQij ð2:2Þ

F0 is the free energy density for the isotropic phase. Dvmax is the
anisotropy of the magnetic susceptibility. When Dvmax is positive
(negative), they then tend to align parallel (perpendicular) to the
field. Here we assume both H and n are along the z-axis. As usual
in Landau theory we assume A = a (T � Tw). Instead of considering
only A as control parameter, we will construct the phase diagrams
as functions of both A and B. The main difference between this free
energy density and that of Ref. [38] is the existence of the magnetic
field term � 1

2 DvmaxHiHjQij in Eq. (2.2). The phase diagram and the
nature of the various transition lines and the multicritical points
are found to be strongly dependent on H. Substitution of Eq. (2.1)
into Eq. (2.2) gives

F ¼ F0 þ IðSÞ þ g2JðSÞ þ g4KðSÞ þ 4
3

Eg6 ð2:3Þ

with

IðSÞ ¼1
3

AS2 � 2
27

BS3 þ 1
9

CS4 þ 4
135

DS5 þ 4
81

ES6

þ 2
243

E3S6 � H0S ð2:4Þ

JðSÞ ¼ Aþ 2
3

BSþ 2
3

CS2 � 8
45

DS3 þ 4
9

ES4 � 4
27

E3S4 ð2:5Þ

KðSÞ ¼ C � 4
5

DSþ 4
3

ES2 þ 2
3

E3S2 ð2:6Þ

where C ¼ C1 þ C2=2;D ¼ D1 þ 5D2=6; E ¼ E1 þ E2=2 and H0 ¼ 1
2

DvmaxH2. Neglecting the g6 term in Eq. (2.3) the biaxial solution gives

g2 ¼ � JðSÞ
2KðSÞ ð2:7Þ

Eq. (2.7) shows that a biaxial solution exists only when
JðSÞ < 0;KðSÞ > 0. Uniaxial solutions can only be obtained when

JðSÞ becomes zero or positive. Thus the free energy of the uniaxial
and biaxial phases takes the form

FUðSÞ ¼ IðSÞ ð2:8Þ

FBðSÞ ¼ IðSÞ � J2ðSÞ
4KðSÞ ð2:9Þ

Thus, whenever the biaxial solution is allowed, FUðSÞ > FBðSÞ.
Depending on the magnitude of the external magnetic field, the free
energy (2.3) describes various type of phase transition lines.

The conditions for the second order uniaxial–biaxial nematic
phase transition can be obtained as

I0ðSÞ ¼ 0 ð2:10Þ

JðSÞ ¼ 0 ð2:11Þ

F 00BðSÞP 0 ð2:12Þ

The conditions for the first order uniaxial–biaxial nematic phase
transition can be obtained as

I0ðSÞ ¼ 0 ð2:13Þ

JðSÞ ¼ 0 ð2:14Þ

F 00BðSÞ 6 0 ð2:15Þ

The conditions for the first order isotropic-biaxial nematic
phase transition are given by

FBðSÞ ¼ 0 ð2:16Þ

F 0BðSÞ ¼ 0 ð2:17Þ

F 00BðSÞ > 0 ð2:18Þ

The conditions for the second order isotropic-biaxial nematic phase
transition are given by

F 0BðSÞ ¼ 0 ð2:19Þ

F 00BðSÞ ¼ 0 ð2:20Þ

F 000B ðSÞ > 0 ð2:21Þ

Finally the conditions for the first order uniaxial-isotropic phase
transition read

IðSÞ ¼ 0 ð2:22Þ

I0ðSÞ ¼ 0 ð2:23Þ

I00ðSÞ > 0 ð2:24Þ

Solving Eqs. (2.10)–(2.24) simultaneously will determine the vari-
ous phase transition lines in the A – B diagram.

3. Results and discussion

The various states which are realized in the Landau theory occu-
py different regions in the A–B phase diagrams. These regions are
separated by phase transition lines of several types. The resulting
phase diagram is predicted in Figs. 1 and 2. Figs. 1 and 2 summa-
rize two new topologies of the phase diagrams associated with
the free energy density (2.2), the conditions (2.10)–(2.24) and the
different values of the phenomenological coefficients A; B;C;D; E
and E3 and magnetic field H0. Fig. 1 shows a novel phase diagram
with the material parameters C ¼ 0:5;D ¼ 0:5; E ¼ 0:6 and
E3 ¼ 3:2 and field H0 ¼ 0:0026 using Eqs. (2.10)–(2.24). A–B phase
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