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a b s t r a c t

By using the matrix diagonalization method within the effective-mass approximation, we have investi-
gated the electron Raman scattering process associated with a donor impurity confined by a quantum
ring in the presence of a magnetic field perpendicular to the plane of the ring. With typical semiconduct-
ing GaAs-based materials, the differential cross section has been examined based on the computed ener-
gies and wave functions. The results show that the differential cross section of the electron Raman
scattering of a donor impurity in a quantum ring is affected by the geometrical size of the ring, the con-
finement strength and the external magnetic field.

� 2012 Elsevier B.V. All rights reserved.

1. Introduction

Semiconductor quantum dots are one kind of useful quantum
structures which can be fabricated by directly self-organized
growth [1]. The three-dimensional quantum confinement of elec-
trons drastically changes the electronic structure in quantum dots
from that of bulk semiconductors with a continuous energy spec-
trum to that with essentially discrete energy levels. A quantum
ring (QR) is a quantum dot structure with a ‘hole’ in its middle.
Compared with quantum dots, QRs belong to another kind of topo-
logical structures in which more rich phenomena can be clearly
shown [2,3]. In 2000, Lorke and co-worker applied self-assembly
techniques to create InGaAs rings containing only a few electrons
[3]. They first observed far-infrared optical response in QRs, reveal-
ing a magneto-induced change in the ground state from angular
momentum ‘ ¼ 0 to ‘ ¼ 1, with a flux quantum piercing the inte-
rior. Using a droplet-epitaxial technique, Kuroda and co-worker
investigated the optical transitions in QRs [4]. Quite different from
the conventional submicron mesoscopic structures, the nanoscopic
rings are in the true quantum limit. The weak electron–electron
interaction in these rings makes them most suitable for the
observed state transitions can be well explained with the single-
electron spectrum of a parabolic ring [5]. In addition, the ringlike
confinement breaks down the generalized Kohn theorem so that,
unlike in quantum dots, the excitation spectrum of QRs may reveal
Coulomb interaction effects [6].

On the other hand, the understanding of the donor impurity
states in the confined systems is an important problem in semicon-
ductor physics. In the optical transition of quantum confined few-

electron systems, the analysis of the donor impurity states is also
inevitable because the confinement of quasiparticles in such struc-
ture leads to the enhancement of the oscillator strength of electron-
impurity excitations. Meanwhile, the dependence of the optical
transition energy on the confinement strength allows the tunability
of the resonance frequency. Hence, a number of theoretical investi-
gations of a donor impurity in low-dimensional semiconductors
have been published [7–17]. It is believed that a fundamental study
on the properties of a donor impurity in semiconductor QRs is also
important, because the dimensionality and the ring geometry often
introduce unexpected physical phenomena.

Raman scattering in semiconductor structures was devised
more than 30 years ago as a powerful tool for the identification of
electronic excitations [18]. Raman scattering can provide the direct
information on the electronic structure and optical properties of
semiconductor nanostructures [19]. Hence, electron Raman scatter-
ing experiments are a powerful tool for the investigation of semi-
conductor nanostructures. On the other hand, the calculation of
the differential cross section (DCS) of electron Raman scattering
remains a rather interesting and fundamental issue to achieve a
better understanding of semiconductor nanostructures. Experi-
mental research on the electron Raman scattering in quantum dots
has been reported [20–22]. In order to interpret experimental re-
sults, some authors have theoretically investigated the electron Ra-
man scattering of quantum dots [23–26]. They found that the DCS
of quantum dots strongly depends on the quantum dot size and
the strength of the external field. To our knowledge, the electron
Raman scattering of a donor impurity in QRs has not been investi-
gated so far. In this work, we will study the electron Raman scatter-
ing of a donor impurity in a QR with a parabolic potential, and
investigate the influences of the geometrical size of the ring, the
confinement strength and the external magnetic field on the DCS.
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2. Theory

We model QRs as they are realized in the laboratory [2,3] by a
potential of the form VðrÞ ¼ 1

2 m�ex2
0ðr � r0Þ2. Within the framework

of effective-mass approximation, the Hamiltonian of a donor impu-
rity confined by a QR when the applied magnetic field is perpendic-
ular to the x� y plane may be written as

H ¼ 1
2m�e
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where m�e is the effective mass of an electron, e is the electric charge
of an electron, c is the speed of light, and � is the dielectric constant.
~rð~pÞ is the position vector (the momentum vector) of the electron
originating from the center of the ring. The parameter r0 is the ra-
dius of the QR and x0 defines the strength of the two-dimensional
potential [3,5]. With the symmetric gauge for magnetic field
~A ¼ ðB=2Þð�y; x;0Þ, the Hamiltonian then reads
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where x2 ¼ x2
0 þx2

c=4; xc ¼ eB=cm�e is the cyclotron frequency,
and Lz is the z-component of the angular momentum. The Hamilto-
nian has cylindrical symmetry which implies the orbital momen-
tum L is a conserved quantity, i.e., a good quantum number.
Hence, the eigenstates of the donor impurity in a QR can be classi-
fied according to the orbital angular momentum L. To obtain the
eigenfunction and eigenenergy associated with the donor impurity
in a QR, the Hamiltonian is diagonalized in the model space
spanned by two-dimensional harmonic states

WL ¼
X

i

ci/
x0
i ð~rÞ; ð3Þ

where /x0
i ð~rÞ ¼ Rni‘i

ðrÞ expð�i‘ihÞ is ith eigen-state of the two-
dimensional harmonic oscillator with a frequency x0 and an energy
ð2ni þ j‘ij þ 1Þ�hx0 � Rn‘ðrÞ is the radial wave function, given by

Rn‘ðrÞ ¼ N expð�r2=ð2a2ÞÞrj‘jLj‘jn ðr2=a2Þ; ð4Þ

in which N is the normalization constant, L‘nðxÞ is the associated
Laguerre polynomial, a ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�h=ðmex0Þ

p
and �h is the reduced Plank

constant. The radial and orbital angular momentum quantum num-
bers can have the following values

n ¼ 1;2; . . . ; ‘ ¼ 0;�1;�2; . . . ð5Þ

Here x0 is an adjustable parameter, and is, in general, not equal to
x.

Let N ¼ 2nþ ‘. Let fWKg denote the set of basis functions includ-
ing all the WK having their N smaller or equal to an upper limit Nmax.
It is obvious that the total number of basis functions of the set is
determined by Nmax. After the diagonalization we obtain the eigen-
values and eigenvectors. Evidently, the eigenvalues depend on the
adjustable parameter x0. In our calculation, x0 serves as a varia-
tional parameter to minimize the low-lying state energy. The ma-
trix diagonalization method consists in calculating the matrix
elements with the given basis and extracting the lowest eigen-
values of the matrix generated. The better the basis describes the
Hamiltonian, the faster the convergence will be.

The DCS of electron Raman scattering in a volume V, per unit
solid angle, considering incoming light of frequency xi, and the
scattering light of frequency xs is given by Ref. [27]

d2r
dXdxs

¼ V2x2
s gðxsÞ

4p2c4�hgðxlÞ
X

f

jMj2dðEf � EiÞ; ð6Þ

where gðxÞ is the refraction index as a function of the radiation fre-
quency. In Eq. (6), M and dðEf � EiÞ are defined by

M ¼
X

a

hf jHsjaihajHljii
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and

dðEf � EiÞ ¼
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f �
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Here, jii; jai and jf i denote initial, intermediate and final states of
the system with their corresponding energies Ei; Ea and Ef , respec-
tively. These energies are determinable by using the matrix diago-
nalization method. And Cf is the life-time width. In the dipole
approximation, the interaction with the incident radiation field is
described by the Hamiltonians

Hl ¼
jej
me

ffiffiffiffiffiffiffiffiffi
2p�h
Vxl

s
~el �~p; ~p ¼ �i�hr; ð9Þ

where me is the free electron mass. The Hamiltonian of the interac-
tion with the secondary radiation field is given by

Hs ¼
jej
m�e

ffiffiffiffiffiffiffiffiffiffi
2p�h
Vxs

s
~es �~p; ~p ¼ �i�hr: ð10Þ

Here~el ð~esÞ is the unit polarization vector for the incident (second-
ary) radiation.

3. Results and discussion

Our numerical computation is carried out for one of the typical
semiconducting materials, GaAs, as an example with the material
parameters shown in the following: m�e ¼ 0:067me, and � ¼ 12:4
[28]. The lifetimes of the final and intermediate states are
Cf ¼ Ca ¼ 1 meV. In this work, the DCS of electron Raman scatter-
ing for a three-level system is calculated for a QR using Eq. (6). We
take the initial state as W0, and consider Raman excitations from
this state. In the initial state we have an electron in the ground
state of the conduction band and a incident photon of energy
�hxl. From the ground state the electron carries out a transition
to the second intermediate state with energy Ea. From the second
intermediate state the electron undergoes a transition toward the
first excited state W1, emitting the laser radiation as secondary
radiation of energy �hxs. The intermediate states can, in principle,
be taken to span the entire Hilbert space of eigenfunctions of the
Hamiltonian given by Eq. (2). For simplicity, we restrict the inter-
mediate state to the second excited state W2.

In Fig. 1, we set �hx0 ¼ 10:0 meV and plot the DCS of electron
Raman scattering of the donor impurity in a QR as a function of
the diffusion photon energy for five different ring radius values,
i.e., r0=0.0, 5.0, 10.0, 12.0 and 15.0 nm, respectively. In Fig. 1, the
applied magnetic field is to be 0T , i.e., in the absence of external
magnetic field. From this figure we can find that the geometrical
size effect of the QR on the DCS is significant. We find that the
all peak positions of DCS shift to lower energies (red shift) with
increasing r0. This redshift occurs because the energy difference
E21 between the W2 and W1 states will decrease with increasing
r0. Moreover, it can be easily observed that with increasing r0,
the peak value of DCS decreases to a minimum and then increases
rapidly. The physical origin is that the matrix element M is not a
monotonic function of the ring radius r0. Hence, the largest peak
value and its position of DCS dependent strongly on the geometri-
cal size of QRs.

In order to investigate the influence of the confinement strength
�hx0 on the Raman scattering, we set r0 ¼ 5:0 nm and plot, in Fig. 2,
the DCS as a function of the diffusion photon energy for three dif-
ferent values, i.e., ⁄x0=5.0, 8.0 and 10.0 meV, respectively, in the
absence of external magnetic field. From Fig. 2, we find that the
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