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a b s t r a c t

We present two new multiscale molecular dynamics (MS-RMD) models for the hydrated excess proton in
water developed directly from ab initio molecular dynamics (AIMD) simulation data of the same system.
The potential of mean force along the proton transfer reaction coordinate and radial distribution func-
tions for the MS-RMDmodels are shown to faithfully reproduce those of AIMD. The models are developed
using an algorithm based on relative entropy minimization, thus demonstrating the ability of the method
to rapidly generate accurate and highly efficient reactive MD force fields.

� 2017 Elsevier B.V. All rights reserved.

1. Introduction

Proton transport is a fundamental process important to a vari-
ety of systems within the field of biology and materials science, rel-
evant to systems ranging from membrane proteins [1,2] to fuel
cells [3,4]. Proton transport is a unique process arising from both
vehicular transport and proton Grotthuss hopping, which results
from a rearrangement of covalent and hydrogen bonds [5–9].
Due to the importance of this process, it is necessary to have an
accurate and physically realistic, yet efficient computational
framework for simulating the process. While ab initio molecular
dynamics (AIMD) would seem ideal, as it explicitly handles bond
breaking and formation, the cost of such simulations prohibits
their application to large biological or fuel cell systems. Similarly,
classical molecular dynamics (MD) simulations can handle extre-
mely large systems, but have fixed bonding topologies, precluding
proton hopping and thereby ignoring the essential physics of the
process.

Multiscale reactive molecular dynamics (MS-RMD) [10–12] and
the earlier multistate empirical valence bond (MS-EVB) approach
[8,13,14] have emerged as efficient computational methods for
studying proton transport in complex systems. They have both
been shown to capture the solvation structure of a hydrated excess
proton in water and the physics involved in proton transfer. Addi-

tionally, MS-RMD and MS-EVB offer the computational efficiency
necessary for running simulations too large for AIMD, e.g., MS-
RMD has been applied to study the proton transport mechanism
in membrane proteins [15,16], as well as to study and elucidate
the proton transport mechanism in proton exchange membranes
(PEMs) [4,17–19]. However, development of accurate MS-RMD
models can be nontrivial [12].

Previous parameterization of MS-EVB models (as the precursor
to MS-RMD) have been fit in part to the energetics as well as
potential energy surfaces along the proton transfer reaction coordi-
nate from ab initio calculations of small clusters of [(H2O)nH]+,
where n is either 2 or 4 [8,13,14]. While demonstrably successful
in several ways, the approach relies in part on gas-phase proto-
nated water clusters to parameterize a model meant for bulk phase
simulations. To overcome this, force-matching has been utilized to
parameterize an MS-RMD model to Car-Parrinello MD (CPMD)
[10,11] data directly. (We shall consider this model to be MS-
RMD version 1 for the hydrated excess proton in water.) In this lat-
ter approach, all classical force field parameters, i.e. pair potentials,
bonds, angles, are first force-matched to minimize the force-
matching variational residual from nonreactive configurations of
the CPMD data; while the reactive configurations are then force-
matched to include proton hopping. The method successfully gen-
erated an MS-RMD force field which very closely matches both the
radial distribution functions (RDFs) and potential of mean force
(PMF) for proton transfer in the CPMD data. Despite the success
of this method, all pair potentials utilize a numerical b-spline func-
tional form, which precludes its simple application to MD simula-
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tions of condensed phase systems as, e.g., simple mixing rules for
the pair potentials cannot be used. (We note, however, that there
is nothing that says force-matching cannot utilize predefined ana-
lytical forms, as has been done in Ref. [10]. Use of splines, however,
improved the overlap of the model RDFs and PMF to those of the
target.) The fitting MS-RMD models to CPMD data via force match-
ing can be a challenging task, and the end result may not necessar-
ily reproduce the desired pair distribution functions, although it
will satisfy the Yvon-Born-Green equation connecting two- and
three-body correlations [20]. As an alternative to force-matching,
relative entropy minimization (REM) has been shown to effectively
generate model coarse-grained force fields that can also reproduce
the structure of a given target [21–24].

In this Letter, we develop a REM approach to parameterize MS-
RMD force fields for the hydrated excess proton in water, fitting to
state-of-the-art ab initio MD (AIMD) data. While we acknowledge
that AIMD water does have its well-documented shortcomings
[25,26], the fitting method described in this Letter is able to reca-
pitulate the solvation structure and reactivity of hydrated excess
protons without introducing the deficiencies seen in AIMD water.
(This is discussed in more detail in the results section.) In that
sense, the work is largely motivated by the fact that REM is agnos-
tic to the target, and as more sophisticated quantum calculations
become accessible for bulk phase calculations, REM would indeed
be a powerful tool in reactive force field development. As such,
the work herein is a demonstration of REM’s ability to handle even
highly dimensional, non-linear parameter space. We find that this
approach can reproduce both the AIMD RDFs and proton transfer
PMF. The MS-RMD models developed in this Letter can also utilize
standard Lennard-Jones (LJ) pair potentials (so that, e.g., standard
mixing rules can be used with novel materials) and specific func-
tional forms for the repulsive and off-diagonal MS-RMD potentials.

The remaining content of this Letter is organized as follows: in
the Methodology section, we discuss the details of MS-RMD and
the REM fitting scheme. In the Results section, we then discuss
the derived models, termed MS-RMD versions 2 and 3, and com-
pare the two models to the most recent reactive MS-EVB model,
MS-EVB 3.2 [13]. Finally, we conclude the Letter and discuss the
outlook for the REM fitting scheme as applied to MS-RMD models,
and outline desirable improvements in future models.

2. Methodology

Contrary to empirical classical MD, where the bonding topology
is fixed, in MS-RMD (and MS-EVB before it), for a given nuclear
configuration the ground state of a system Wj i is defined as a linear
combination of unique bonding topologies (basis states): [8].

Wj i ¼
XN
i¼1

ci ij i ð1Þ

where ci is the coefficient of basis state i. The coefficients are deter-
mined by diagonalizing the Hamiltonian for each nuclear configura-
tion such that:

Hc ¼ E0c ð2Þ
where E0 is the ground state energy for that configuration. The diag-
onal matrix elements in the Hamiltonian are the diabatic energies
of the basis states, defined by the classical force field energy of
the basis state plus a repulsive term added to correct for an over-
attraction between hydronium and water in the underlying classical
force field. The off-diagonal elements, which introduce reactivity by
allowing for ‘‘mixing” between basis states of different bonding
topology, are a function of the distance between of hydronium
and water. The functional forms of both the repulsive potentials
and the off-diagonal coupling potential are shown in the Supple-

mental Information, as well as all parameters used in the models
described in this work. We note that variables fit using REM are
shown in boldface, whereas those pertaining to the underlying clas-
sical force field or derived in previous models are shown regular
typeface.

The MS-RMD models described below are parameterized using
the REM scheme. The specific aim of REM is to find a model force
field that generates a thermodynamic ensemble with maximal
overlap to a target ensemble generated with a higher level of the-
ory. In the present work, the target ensemble is AIMD and the
model ensemble is the MS-RMD force field. The relative entropy
of two ensembles is defined as:

Srel ¼
X
i

pTðiÞ ln
pTðiÞ
pMðiÞ

ð3Þ

where pðiÞ is the probability of configuration i in the target T and
model M ensembles. In the constant NVT ensemble, the relative
entropy is defined as

Srel ¼ b UM � UTh iT � bðAM � ATÞ þ Smap
� �

T ð4Þ

where U is the potential energy, A is the configurational part of the
Helmholtz free energy, and Smap is the entropy that results from
degeneracies in the model.

The relative entropy is minimized on the condition that the
average curvatures of the model potential energy with respect to
the force field parameter ki over the model and target ensembles
are equal: [21].

@UM
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� �
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ð5Þ

We therefore set out to minimize the difference between these
two derivatives. The simplest numerical implementation for doing
so uses the Newton-Raphson iteration scheme: [21].
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Here, we introduce a mixing parameter v. Notice that upon sat-
isfaction of the condition in Eq. (6), the derivative of the relative
entropy with respect to k is zero, and the first bracketed term in
Eq. (6) is zero, and k is unchanged. It should also be noted that in
regions where the second derivative of the relative entropy is neg-
ative, the optimization is far from the minimum, and the Newton-
Raphson iteration scheme is inappropriate. The minimization pro-
cedure is performed iteratively, where the derivatives calculated in
Eq. (6) are calculated over ensembles generated from updated
parameters. As the minimization scheme utilized here requires
the model to be somewhat close to the target ensemble, we began
each minimization with the MS-EVB 3.2 parameters [13]. We
should note that our implementation of the Newton-Raphson iter-
ation scheme does not necessarily reach a global minimum, and
may get trapped in a local minimum. Interestingly, we have found
that all optimized parameter sets generate serviceable models,
reproducing the target RDFs faithfully. This may be a result of
the highly dimensional parameter space in which our minimiza-
tion is performed (12 parameters are simultaneously optimized),
which allows for greater flexibility – that is, certain parameters
can compensate for deleterious effects of others.

The AIMD data to which the MS-RMDmodels in this paper were
fit utilize the BLYP exchange-correlation functional with the D3
Grimme dispersion and the TZV2P basis set. The systems used in
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