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a b s t r a c t

The aim of this model study of the electron-phonon coupling in graphene was to find out about the rel-
ative importance of the inter- and intraband scattering and which phonon modes are the most active.
This was achieved by analyzing the electron-phonon matrix element of the carbon dimer in the unit cell.
We found that for the intra molecular orbital matrix elements the longitudinal optical phonon mode is
the active phonon mode. The matrix element corresponding to r! r is greater than the matrix element
for p! p. The inter molecular orbital scattering p! r is driven by the out-of-plane acoustic phonon
mode, while the out-of-plane optical mode does not contribute for symmetry reasons. We found the
unexpected result that the magnitude of matrix element of the inter molecular orbital scattering
p ! r exceeds the intra molecular orbital scattering p! p. These results indicate that the in general
not considered inter-band scattering has to be taken into account when analyzing e.g. photo-hole life-
times and the electron-phonon coupling constant k from photoemission data of graphene.

� 2016 Elsevier B.V. All rights reserved.

1. Introduction

Several experimental and theoretical studies of graphene have
been presented during the last decade [1,2]. These investigations
have revealed remarkable mechanical [3], electronic [4], optical
[5] and thermal [6] properties. However, unstrained pristine gra-
phene is not considered to be a good superconductor due to a weak
electron-phonon coupling (EPC). The presented simple model
study confirms the weak EPC in the p bands while the coupling
should be considerably stronger in the occupied part of the r band.

Our investigation is inspired by the recently reported experi-
mental work by Mazzola et al. [7]. The evidence of a strong EPC
in the r-band was revealed in angle-resolved photoemission spec-
troscopy (ARPES) measurements with a substantial lifetime broad-
ening and a pronounced characteristic kink in the band dispersion.
The EPC constant k was determined to be approximately 1 near the
top of the r band [7]. This is about a factor 3–4 larger than what
have been found in the p band.

The aim of this tight-binding model study has been to sort out,
(1) the relative importance of the interband and intraband scatter-
ing and, (2) which phonon mode contributes the most in theses
scattering processes. The study is focused on calculations and anal-
ysis of the electron-phonon (e-ph) matrix element Me�ph, which is

the core of the EPC. Approximately we have that k � jMe�phj=X0,
where X0 is the dominant phonon mode frequency.

2. Theory

The EPC constant k can be examined in ARPES measurements.
The created photo-hole yields a non-equilibrium which drives
electron scattering in order to fill the hole. According to the
Heisenberg uncertainty relation the energy width of the detected
photo-electron kinetic energy - the lifetime broadening - is inver-
sely proportional to the hole lifetime. At low temperatures, elec-
tron scattering is assisted by phonon emission. Theoretical
modeling in order to calculate the phonon induced lifetime broad-
ening enables estimation of the strength of the EPC determined by
k. Experiments indicate that the high energy optical phonon modes
are the most active modes in the EPC in graphene [7,8].

The strength of the EPC is determined by the e-ph matrix
element

Mm
e�ph ¼ hUn0k0 ðrÞjdVmqðrÞjUnkðrÞi; ð1Þ

where Unk and Un0k0 are initial and final state wave functions of
bands n and n0, respectively. dVmq is the phonon-induced deforma-
tion potential where m and q labels phonon mode and momentum,
respectively.
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2.1. Tight-binding model

In the tight-binding approximation the valence wave functions
of graphene are formed by superposition of the atomic 2s and 2p
orbitals. The r band (n ¼ r) states are built by 2s; 2px and 2py orbi-
tals and the p band (n ¼ p) by the 2pz orbital. The tight-binding
wave functions is given by

UnkðrÞ ¼
X
usj

cnsjðkÞ/nsjðr� RusÞeikRus ; ð2Þ

where u labels the unit cells hosting the two different carbon atom
sites, s ¼ A; B and Rus denote the equilibrium atom positions (see
Fig. 1). The index j labels the atomic site orbital. The orbital /nsj then
refers to the orbital j of atom type s of the band n. In the case of the
occupied bonding p band the site orbital is the same at all sites /2pz

while for the r band we have the three differently oriented sp2

orbitals.
The deformation potential is given by

dVmqðrÞ ¼ �
X
us

umq
us � $Rvðr;RusÞ; ð3Þ

where q ¼ k� k0 and

umq
us ¼ 1

2
Amqems ðqÞeiq�Rus ; ð4Þ

where Amq ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�h=NmxmðqÞ

p
is the amplitude of phonon mode m, with

N the number of unit cells, m atomic mass and emqs the phonon
polarization vector. In the case when the temperature is low enough
that only phonon emission has to be considered, which is the case in
the experiment by Mazzola et al. [7], we have

Mm;nn0
e�ph ¼ �1

2
AmqD

m
nn0 ðk;k0Þdk�k0 ; q; ð5Þ

where

Dm
nn0 ðk;k0Þ ¼

X
uu0u00

X
ss0s00

X
jj0

c�n0s0 j0 ðk0ÞcnsjkðkÞ �mnj;n0j0
s00 ðRu0s0 ;RusÞ

� ems00 ðqÞ � e�ik0 �ðRu0s0 �Ru00 s00 Þeik�ðRus�Ru00 s00 Þ; ð6Þ
where the site e-ph matrix element is given by the local site orbitals
and the site dependent deformation potential

mnj;n0 j0
s00 ðRu0s0 ;RusÞ ¼

Z
/�

n0s0 j0 ðr� Ru0s0 Þ � $Rvðr;Ru00s00 Þ/nsjðr� RusÞdr:
ð7Þ

The vibrational amplitude of the individual carbon atoms is at
least an order of magnitude less than the lattice parameter. Thus,
the greatest contribution to the three center integral in Eq. (7) is
expected for the case when Ru0s0 and Rus correspond to pairwise
nearest neighboring A and B sites and Ru00s00 ¼ Ru0s0 or Ru00s00 ¼ Ru0s0 .
The three center integral is then reduced to a two center integral.
However, it has been pointed out that for a realistic deformation
potential, the convergence with respect to order of neighboring
sites is surprisingly slow [9].

For our purpose to qualitatively understand the relative impor-
tance of the intraband and interband scattering and the most
important phonon mode in the two cases, we simplify furthermore
and assume that u ¼ u0 referring to the unit cells of the atomic site
wave functions. Thus we consider only intersite scattering within
the unit cell.

We will take the matrix element of D as a measure of the
strength of the EPC. According to Eq. (5) we have that

jMm;nn0
e�phj2 � jDm

nn0 j2=X0, where X0 is a presumably dominant phonon
mode frequency. This connects to the ECP strength measured by
k, which is determined by the reciprocal frequency moment of
the Eliashberg function which leads to the additional frequency

factor in the denominator, k � ðjDm
nn0 j=X0Þ2.

To simplify the notation to express Dm
nn0 in Eq. (6) we introduce

the two molecular orbitals corresponding to the binding r and p
orbitals. We refer to a coordinate system with the z axis oriented
in the direction of the AB dimer of the unit cell and the x axis in
the direction normal to the graphene layer. With B atom in the ori-
gin and A atom in the position z ¼ RA the orbitals are written

WrðrÞ ¼ jsp2
z iA þ jsp2

z iB ¼ j2siA � j2pziA þ j2siB þ j2pziB; ð8Þ
and

WpðrÞ ¼ j2pxiA þ j2pxiB ð9Þ
where the low index A and B refers to the location of the atomic
wave functions in the unit cell. The normalized molecular wave
functions are then given by

UnðrÞ ¼ WnðrÞ
hWnjWni : ð10Þ

For the case u ¼ u0 ¼ u00 and omitting phase factors, which will
be of types eik

0 �RA and eik�RA in Eq. (6), the D matrix takes the form

~Dm
nn0 ¼ hUnjrRvmjUn0 i: ð11Þ
The diagonal elements of the ~D matrix corresponds to the intra-

band scattering ~Dm
rr and ~Dm

pp, while the off-diagonal elements ~Dm
rp

and ~Dm
pr correspond to interband scattering.

The deformation potential rRvm referring to the three optical
phonon modes (ZO, TO and LO) and the three acoustical modes
(ZA, TA and LA) are generated by applying the rigid ion approxima-
tion (RIA) [10]. In this case we have

vðr;RÞ � vðr� RÞ:
This means that $Rv � �$rv and we can take the gradient of

the one-electron atomic potential V with respect to the electronic
coordinates r at the A and B sites as follows for the six different
vibrational modes

rvZO ¼ � @V
@x

����
A

þ @V
@x

����
B

; rvZA ¼ @V
@x

����
A

þ @V
@x

����
B

rvTO ¼ � @V
@y

����
A

þ @V
@y

����
B

; rvTA ¼ @V
@y

����
A

þ @V
@y

����
B

rvLO ¼ � @V
@z

����
A

þ @V
@z

����
B

; rvLA ¼ @V
@z

����
A

þ @V
@z

����
B

:
Fig. 1. Schematic drawing of the graphene unit cell with the two carbon atoms
denoted by A and B and enclosed by the dashed line. The two lattice vectors a1 och
a2 are shown.
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