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A recent analysis of the Carnot’s results has pointed out that natural systems may not convert all the
inflow of energy to do work. Some energy will be used to maintain the systems’ internal processes. These
exergy flows appear as the heat exchanged with a second thermostat of a thermodynamic engine. In this
Letter a calculus of this internal irreversibility is developed using the entropy generation approach. The
obtained results are exemplified in the analysis of superconductivity.

� 2013 Elsevier B.V. All rights reserved.

1. Introduction

The constructal theory by Adrian Bejan describes how natural
as well as engineered systems develop and evolve to result in
scale-free patterns, most notably power laws [1]. The constructal
law describes both internal interactions within a system as well
as interaction of a system with its environment. The physical basis
of the constructal law can be found from the entropy generation
approach. The constructal law portrays the system from inside
while the entropy generation views the system from outside, yet
both viewpoints are equivalent since it is the same quanta that tra-
verse from the environment to the system or vice versa when the
system evolves to attain balance in its environment. Thus when the
maximum entropy generation from the environment is evaluated
it corresponds to the minimum entropy generation from the sys-
tem, with the consequent optimization of the flows, as required
by constructal law. Along the optimal path toward the thermody-
namic balance free energy is consumed in the least time which
yields the ubiquitous natural patterns [2].

In 1824, Nicolas Léonard Sadi Carnot [3] introduced an ideal en-
gine which operates on a cycle in a reversible way without dissipa-
tion. Such system could convert the absorbed heat in work,
without any energy loss, because, apparently, it has no irreversibil-
ity. But analyzing this ideal system Carnot proved that [3]:

1. All ideal engines operating between the same two thermal
baths (thermostats) of temperature T1 and T2, with T1 > T2, has
the same ideal efficiency gC = 1 � T1/T2.

2. Any other engine has an efficiency g such that it is always
g < gC.

Consequently, the efficiency of a reversible Carnot’s cycle repre-
sents an upper limit of the thermal efficiency for any heat engine

working between the same temperature limits [4]. Real machines
operate on thermodynamic processes and take place in finite-size
devices in finite-time: any change of state will consume free en-
ergy; consequently, it is irreversible. A great number of studies
has been developed on them and they has always proven the Car-
not’s results [5–14]. Carnot’s conclusion is a general result for any
natural or manmade system.

Starting from the Gouy–Stodola theorem [15–18], mathemati-
cal thermodynamic analysis of the Carnot’s result has been devel-
oped [19] by using the entropy generation approach [20–23]. The
result obtained is that the systems may not convert all the ab-
sorbed energy because they must use a part of it to maintain the
process they are doing. The energy which can be really used by a
system in called exergy. From any reference frame, external to
the systems, these exergy flows appear as the heat exchanged with
a second thermostat of a thermodynamic engine [21]. This heat
seems to be lost and not used by the system, while it is really used
by the process [19]. This effect has been defined ‘internal irrevers-
ibility’ [21].

This internal irreversibility is related to the need to maintain
the process [20–23] and it is due to the existence of the internal
forces and flows which require energy to occur. Without these
internal flows the systems cannot sustain their process. Conse-
quently, a part of the energy absorbed by the systems must be con-
verted in internal flows and cannot be used to convert the
absorbed heat in ‘useful’ work [19]. In other words, when free en-
ergy is consumed, the quanta absorbed by the system from its sur-
roundings are not only emitted free as heat but some are also
bound to the developing system’s internal interactions. Only when
the system has matured to a steady-state thermodynamic balance
within its surroundings, absorption and emission match each
other. Accordingly, exergy flows can be understood to power
developmental or evolutionary processes, as explained by Annila
et al. [2,19,24–32]. Constructal theory expresses these results,
allowing us to design systems [33–36]: nature is the first engineer
in the history!
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But, the flows are related both to the interactions of the systems
with the environment (external irreversibility) and to internal irre-
versibility. So, it is interesting to study how it is possible to evalu-
ate internal irreversibility and how it is related to the entropy
generation extrema approach [20].

In this Letter this subject will be developed, analyzing the rela-
tions between the interaction among open or closed systems, their
internal irreversibility and their interaction with the environment.
The superconductivity will be analyzed as an example of applica-
tion of the results obtained.

2. System and environment: interactions in terms of forces

Let us consider a real open or closed system, in nature or man-
made [4,36,37]. For such system, it is possible to write the kinetic
energy theorem [38]:

Wes þWfe þWi ¼ DEk ð1Þ

where Wes is the work done by the environment (external to the
system) to the system, the work done by external forces to the bor-
der of the system, Wfe is the work lost due to external irreversibility,
Ek is the kinetic energy of the system, Wi is the internal work, such
that [38]:

Wi ¼Wrev
i �Wfi ð2Þ

with Wrev
i reversible internal work and Wfi work lost due to internal

irreversibility. Moreover, the following relation must be taken in ac-
count [38]:

Wse ¼ �Wes �Wfe ð3Þ

where Wse is the work done by the system to the environment, the
work done by internal forces to the border of the system. Conse-
quently, it is possible to obtain the three equivalent following for-
mulation of the first principle as usually used in the designing of
the energy systems and the analysis of the engineering thermody-
namic systems:

Q �Wse ¼ DU þ DEk

Q �Wi ¼ DU
Q �Wt ¼ DH

with Wt the technical work, U the internal energy of the system and
Hthe enthalpy [4,36,37].Now, considering the Gouy–Stodola theo-
rem the work lost due to external irreversibility can be written as
[4,15–18]:

Wfe ¼ T0Sg ð5Þ

where T0 is the environmental temperature and Sg is the entropy
generation defined as [4,8–10,15–23]:

DS ¼ DSrev þ Sg

DSrev ¼
R fs

is
dQ
T

��
rev

ð6Þ

where DSrev is the entropy variation of the system from the initial
(is) and the final (fs) state on a reversible path, with d the elemen-
tary small change of a path function, Q heat exchanged during the
process on the reversible path and T temperature [20].

Now, considering the previous relations, it is possible to obtain
the link between the internal and the external works lost due to
irreversibility. Indeed, it follows:

Wfi �Wfe ¼Wrev
i þWes � DEk )Wfi � T0Sg

¼Wrev
i þWes � DEk ð7Þ

Now, considering that the total work lost due to irreversibility
was obtained as follows [39]:

Wk ¼
R

V

R s
0 dtTvr�u

� �
dV ¼ ðT � T0ÞSg

Wk ¼Wfi � T0Sg

(
ð8Þ

where r ¼ d2Sg=dtdV is the entropy production density, u is the dis-
sipation function, v is the specific volume, s is lifetime of the pro-
cess and V is the control volume of the system [20], it follows:

Wfi ¼
Z

V

Z s

0
dtTvrdV ¼ TSg ð9Þ

This relation represents the work lost due to internal dissipa-
tion: these internally dissipated quanta are bound in internal inter-
actions that form when the system develops toward
thermodynamic balance with its surroundings.

Consequently, the work lost due to internal dissipation can be
evaluated using the entropy generation, but relating it to the tem-
perature T of the system.

3. An example: the high-Tc superconductivity

The discovery of high-Tc superconductivity has given new inter-
est in the application of the type-II superconductors [39]. They are
characterized by two critical magnetic fields and a particular
behavior:

1. For applied fields less than the lower critical field, they have a
Meissner effect, and the entire sample behaves as a type-I
superconductor;

2. For applied fields greater than the upper critical field, there
occurs a complete penetration of the magnetic field and the
material is in a normal conducting state;

3. For field intensities between the two limit magnetic fields, there
is a partial penetration of the magnetic field, and the field lines
are confined to flux tubes, named vortices [40–45]. Along this
vortex lattice the material has a normal resistivity, while its sur-
rounding behaves as a superconductor. These vortices are inter-
esting because they allow to test many statistical phenomena
[40–45].

In order to use the results here obtained to the high-Tc super-
conductivity, the approach used in Ref. [46] will be considered.
The analysis has been carried out by using a dimensionless quan-
tity [46]:

# ¼ n

8pak3

�h
2e

� �2

ð10Þ

where n is the number of vortexes for unit length of superconduc-
tor, k is the London penetration length, �h=2e is the unit flux of quan-
ta and a is defined such that ak2 is a confining harmonic energy.
This quantity represents the ratio between the thermal and the har-
monic energy.

Now, considering an external force in the x direction, F = �ax x/
x, the entropy generation can be evaluated by using its definition
and the stationary solutions of the Fokker–Planck equation,
obtaining:

Sg ¼
s
T0

Z X
i

fi fi þ Di
@

@xi

� �
Pcðx; tÞdx ¼ s

T0

Z X
i

fiJiðx; tÞdx ð11Þ

with

Pðx; tÞ ¼ 1
4#k3 ðx2

e � x2Þ

xe ¼ lim
t!1

�xðtÞ ¼
ffiffiffiffiffiffi
3Dk
a

3
q ð12Þ

with
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