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a b s t r a c t

We provide a unified description of the Fermi operator expansion and recursion methods within the tech-
nique of spectral quadrature. Through rigorous error estimates, we prove that this approach is linear-
scaling, stable and exponentially convergent. We use this analysis to determine the influence of smearing,
band-gap, position of Fermi energy, and spectral width of the Hamiltonian on the convergence rates
obtained in practical calculations. Additionally, we establish that super-geometric convergence can be
achieved when the erfc function is used for smearing. We validate the spectral quadrature method and
the accuracy of our analysis by means of selected examples.

� 2013 Elsevier B.V. All rights reserved.

1. Introduction

Formulations of Density Functional Theory (DFT) which solve
for the orbitals have an OðN3Þ scaling with respect to the number
of atoms [1,2]. To overcome this restrictive scaling, there has been
great emphasis on the development of OðNÞ methods [3,4]. One
such technique is the Fermi operator expansion (FOE), where the
density matrix is expanded in terms of polynomials [5–7]. Such
an expansion can be achieved particularly efficiently through the
purification method [8–16]. Another related approach is the recur-
sion method developed by Haydock et al. [17–19]. In this method,
the projected density of states (PDOS) is determined through a
continued fraction representation, and the quantities of interest
are then obtained by integration over it.

A variant of the recursion method was proposed by Nex [20],
where instead of calculating the PDOS, the integrals over it are di-
rectly evaluated via Gauss quadrature. An improved algorithm for
the calculation of the Gauss quadrature nodes and weights was
presented by Bai et al. [21], wherein they focussed on the calcula-
tion of the partial eigenvalue sum i.e. band structure energy. How-
ever, because of the expense associated with generating the Gauss
quadrature rules, they proposed the use of a Monte-Carlo simula-
tion technique to approximate the band structure energy. Recently,
Suryanarayana et al. [22] utilized the Gauss quadrature technique
to coarse-grain DFT, whereby the computational effort to study
crystal defects is significantly reduced. Henceforth, we shall refer
to the recursion method and its variants mentioned above as the
Gauss spectral quadrature method.

In this letter, we analyze the class of methods wherein integrals
over the PDOS are approximated via interpolatory quadrature, an
approach which we refer to as spectral quadrature (SQ). Gauss
SQ represents a particular variant of the SQ method. Similarly,

the Clenshaw-Curtis/Fejér SQ method, which is equivalent to the
FOE method in terms of Chebyshev polynomials, is another variant
of the SQ method. Here, we derive rigorous error estimates to
establish the convergence, stability and convergence rate of the
SQ method. We utilize this analysis to discuss the scaling and per-
formance of the approach, which is also applicable to the FOE and
recursion methods. However, from the perspective of implementa-
tion, the SQ and FOE methods have some notable differences. The
SQ method does not involve the calculation of the complete den-
sity matrix, and therefore utilizes matrix–vector multiplications
rather than matrix–matrix multiplications. Unlike FOE, the Fermi
energy is not required as input to the method, and quantities like
the entropic contribution due to smearing can be evaluated with-
out any additional effort. This limitation of FOE can be overcome
by storing the intermediate matrices (e.g. Chebyshev), though at
the cost of substantial computer memory requirement. Finally,
the SQ method can achieve variable resolution in the simulation
domain by spatially varying the order of the quadrature rule.

One of the common approaches to solve the DFT problem is
through self-consistent field (SCF) method [1]. In each iteration
of the SCF method, the electron density

qðxÞ ¼ 2
X

n

gnjwnðxÞj
2 ð1Þ

is calculated by solving the linear eigenvalue problem

HwnðxÞ ¼ knwnðxÞ ð2Þ

for the orbitals wnðxÞ, subject to the constraint on the total number
of electrons Ne ¼ 2

P
ngn. We denote the Hamiltonian by H, and kn

are its eigenvalues corresponding to wnðxÞ. The orbital occupations
are given by the Fermi–Dirac distribution gn ¼ 1þ expð
ðkn � kf Þ=r
� �

Þ�1, where r is the smearing and kf is the Fermi energy.
Once the self-consistent solution has been obtained, the evaluation
of the ground-state free energy involves the calculation of the band
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structure energy U, and the entropic contribution S of the fractional
orbital occupations. They can be expressed as [23]

U ¼ 2
X

n

gnkn; ð3Þ

S ¼ 2r
X

n

½gn logðgnÞ þ ð1� gnÞ logð1� gnÞ�: ð4Þ

In this Letter, for a given Hamiltonian, we focus on the OðNÞ calcu-
lation of q;U and S using the SQ method. This combined with OðNÞ
approaches for the electrostatics [24–26] enables the OðNÞ solution
of the complete DFT problem.

2. Theory

In Section 2.1, we reformulate the DFT problem. We derive rig-
orous error estimates in Section 2.2, which is used to determine the
convergence rates in Section 2.3. We discuss the scaling and per-
formance of the SQ method in Section 2.4, and finally discuss alter-
native forms of smearing in Section 2.5.

2.1. Integral representations

Consider a self-adjoint HamiltonianH over a finite-dimensional
Hilbert space with a localized orthonormal basis fgpg

M
p¼1

and inner
product h:; :i. Let the matrix representation of H be sparse, with or-
dered eigenvalues fkmgM

m¼1. We map the spectrum ofH to the inter-
val ½�1; 1� using the transformation Ĥ ¼ ðH � vIÞ=n, where
n ¼ ðkM � k1Þ=2;v ¼ ðkM þ k1Þ=2, and I represents the identity
operator. Starting from the PDOS

PM
n¼1hf;wnidðk̂� k̂nÞhwn; fi [18],

we define the integrated PDOS as [22]

Ef;fðk̂Þ ¼

0; if k̂ < k̂1Xm

n¼1

XM

p¼1

XM

q¼1

wn;pwn;qfpfq; if k̂m 6 k̂ < k̂mþ1;

XM

n¼1

XM

p¼1

XM

q¼1

wn;pwn;qfpfq; if k̂M < k̂

8>>>>>>><
>>>>>>>:

ð5Þ

where wnðxÞ ¼
PM

p¼1wn;pgpðxÞ and fk̂mg
M

m¼1 are the eigenvalues of Ĥ.
Note that the derivative of Ef;fðk̂Þ represents the density of states of

Ĥ projected onto the function fðxÞ ¼
PM

p¼1fpgpðxÞ. Let

gðk̂Þ ¼ 1þ exp ðk̂� k̂f Þ=r̂
� �� ��1

denote the scaled and shifted

Fermi–Dirac distribution, where r̂ ¼ r=nand k̂f ¼ ðkf � vÞ=n. We

define uðk̂Þ ¼ ðnk̂þ vÞgðk̂Þ and sðk̂Þ ¼ r½gðk̂Þ log gðk̂Þ þ ð1� gðk̂ÞÞ
logð1� gðk̂ÞÞ�. Using Eq. 5, we arrive at the Riemann–Stieltjes inte-
grals [21,22,27]

Ne ¼ 2
XM

p¼1

Z 1

�1
gðk̂ÞdEgp ;gp

ðk̂Þ;

qðx0Þ ¼ 2
Z 1

�1
gðk̂ÞdEf0 ;f0 ðk̂Þ; ð6Þ

U ¼ 2
XM

p¼1

Z 1

�1
uðk̂ÞdEgp ;gp

ðk̂Þ;

S ¼ 2
XM

p¼1

Z 1

�1
sðk̂ÞdEgp ;gp

ðk̂Þ;

where x0 is any chosen point in space and f0ðxÞ ¼
PM

p¼1gpðx0ÞgpðxÞ.

2.2. Error estimates

We consider the representative integral

Iðf Þ ¼
Z 1

�1
f ðk̂ÞdEf;fðk̂Þ; ð7Þ

where f ðk̂Þ denotes any of the integrands in Eq. 6, and Ef;fðk̂Þ denotes
the corresponding integrated PDOS. In the SQ method, we approxi-
mate Iðf Þ with a K-point interpolatory quadrature rule IKðf Þ having
nodes fk̂f

kg
K

k¼1 and weights fŵf
kg

K

k¼1 i.e.

IKðf Þ ¼
XK

k¼1

ŵf
kf ðk̂f

kÞ; ð8Þ

whose error

Eðf Þ ¼ Iðf Þ � IKðf Þ: ð9Þ

We start by expressing the function f ðk̂Þ in terms of a uniformly
convergent Chebyshev polynomials (Tk) expansion as

f ðk̂Þ ¼
X1
k¼0

akTkðk̂Þ; ð10Þ

whereby

Eðf Þ ¼
X1
k¼0

akEðTkÞ: ð11Þ

Consider an ellipse er in the complex plane C within and on which
f ðzÞ; z 2 C is analytic. Let er have foci at �1, semi-major axis a and
semi-minor axis

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � 1
p

. Further, let r denote the sum of the
semi-major and semi-minor axes i.e. r ¼ aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � 1
p

. It can be
shown that [28]

jakj 6
2Mrðf Þ

rk
; ð12Þ

where Mrðf Þ is the maximum value of jf ðzÞj on er . Consider a quad-
rature rule which integrates polynomials up to degree nK � 1 ex-
actly (1 6 n 6 2). We have EðTkÞ ¼ 0; k ¼ 0;1; . . . nK � 1. For k P nK ,

jEðTkÞj 6
Z 1

�1
Tkðk̂ÞdEf;fðk̂Þ

����
����þ jIKðTkÞj 6 Cf þWf

K ; ð13Þ

where Cf ¼
R 1
�1 dEf;fðk̂Þ and Wf

K ¼
PK

k¼1jŵ
f
kj. Therefore,

jEðf Þj 6
X1
k¼0

jakjjEðTkÞj 6 2Mrðf Þ
X1
k¼0

jEðTkÞj
rk

6
2ðCf þWf

KÞMrðf Þ
rnK�1ðr � 1Þ : ð14Þ

Specializing this bound for the integrals in Eq. 6, we arrive at the
following error estimates

jNe � NeK j 6
4ðM þWKÞMrðgÞ

rnK�1ðr � 1Þ ;

jqðx0Þ � qKðx0Þj 6
4ðCf0 þWf0

K ÞMrðgÞ
rnK�1ðr � 1Þ ; ð15Þ

jU � UK j 6
4ðM þWKÞMrðuÞ

rnK�1ðr � 1Þ ;

jS� SK j 6
4ðM þWKÞMrðsÞ

rnK�1ðr � 1Þ :

Above, we have used the notation WK ¼
PM

p¼1W
gp
K , and the identity

Cgp ¼ 1. The value of n is determined by the variant of SQ employed.
For an interpolatory SQ with the quadrature nodes fixed apriori, we
have n ¼ 1. An example is the Clenshaw-Curtis/Fejér SQ, which in
principle is equivalent to the FOE method in terms of Chebyshev
polynomials. However, when all the nodes are treated as unknowns,
we obtain Gauss SQ with the maximum value of n ¼ 2. We note that
the bounds derived above are particularly tight when the
integrands (gðk̂Þ;uðk̂Þ and sðk̂Þ) are analytic in only a small
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