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a b s t r a c t

Two approaches for extracting information on clusters from unbiased structure-optimization calculations
on a larger set of cluster sizes are presented. At first, we study how structural similarity can be quantified
and present an approach that seems to match what subjectively would be expected. Second, we present a
method for calculating the vibrational contributions to the heat capacities of the clusters. As test systems
we have applied the methods to Sin, Gen, and SinGen clusters with up to 44 atoms in total.

� 2013 Elsevier B.V. All rights reserved.

1. Introduction

Theoretical studies devoted to the development of a general
understanding of the relations between properties on the one hand
and size and stoichiometries on the other hand of larger systems
are obscured by several aspects. First of all, such studies require
that the proper structures, i.e., those of the lowest total energy,
are identified for a larger range of systems. However, for commonly
used electronic-structure methods the computational costs for cal-
culating the properties for just a single structure scale with the size
of the system, measured in, e.g., the number of electrons of nuclei,
to some power that typically is 3 or larger. Therefore, even for
medium-sized systems these computational demands can put seri-
ous limits on what is possible. Independently of this scaling issue,
another, complementary, problem leads to further complications.
Thus, it has been shown that the number of nonequivalent minima
on the total-energy surface grows faster than any polynomial in
the size of the system [1]. These problems are well-known and sev-
eral strategies have been proposed to meet those, see, e.g., [2–7].

There is, however, a third issue that has been given less atten-
tion. Such calculations as the ones mentioned above will provide,

at first, total energies as well as the coordinates of the various
nuclei for a smaller or larger set of sizes and/or stoichiometries.
In many cases, also other information like the spatial distributions
and energies of the electronic orbitals is obtained. Thus, it is often
far from trivial to reduce this large information to some few key
quantities that describe the development of the properties of the
systems with size and/or stoichiometry in a simple, although con-
cise way that ultimately will allow for the development of a more
general chemical or physical understanding.

In the present contribution we shall focus on this last issue and,
thereby, use a set of clusters as the systems of our interest. During
the last years we have developed various descriptors aimed at
identifying general trends in structure and energetics of clusters
(see, e.g., [6,7]), but, as we shall argue below, not all those are opti-
mal and improvements as well as further descriptors may be
(more) useful.

The systems we shall consider are Sin, Gen, and SinGen clusters
with up to a total of 44 atoms. For those, we have previously
reported results of an unbiased structure optimization study [8].
In that study, we used a parametrized, density-functional, tight-
binding method in calculating the total energy for a given structure
in combination with a genetic-algorithm approach for an unbiased
structure optimization. The purpose of the present study is not to
discuss the properties of those clusters specifically, neither to ad-
dress the accuracy of the computational approach. Rather, we shall
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use those results as a pool that here is analyzed using the tools that
we shall describe below.

Specifically, we shall in this contribution present results for a
new approach for quantifying structural similarity between differ-
ent clusters as well as present results of a recently developed ap-
proach for studying heat capacities for the clusters as a function
of their size and the temperature. Since our approach is based on
earlier works, we shall in the next section review some of those.
Subsequently, we shall in Section 3 describe our theoretical ap-
proach and in Section 4 the results. Finally, our results are summa-
rized in Section 5.

2. Previous work

2.1. Structural similarity

In earlier works [9,10] we have introduced descriptors, so called
similarity functions, that were developed in order to quantify
structural similarity. We shall here briefly outline their basic ideas,
also because we will use these for comparison with the new mea-
sures and since we will discuss their limitations.

We consider two different systems, A and B, and want to study,
whether the system A can be considered more or less similar to a
part of system B. An example could be that A is an optimized struc-
ture of a cluster with N atoms, whereas B is a (larger) part of a crys-
tal or is another cluster, having M atoms. We assume that M P N.

The structure of A is characterized by N positions, R
!

A;i; i ¼
1;2; . . . ;N, whereas we for B have R

!
B;i; i ¼ 1;2; . . . ;M. It is useful

to define the center for each system,

R
!

A;0 ¼
1
N

XN

i¼1

R
!

A;i

R
!

B;0 ¼
1
M

XM

i¼1

R
!

B;i:

ð1Þ

Subsequently, we define scaled positions relative to the centers,

~rA;i ¼ ð R
!

A;i � R
!

A;0Þ=uA; i ¼ 1;2; . . . ;N

~rB;i ¼ ð R
!

B;i � R
!

B;0Þ=uB; i ¼ 1;2; . . . ;M:
ð2Þ

uA and uB are pre-chosen, fixed scaling parameters that may be dif-
ferent for the two systems.

If M = N we may use the two sets of interatomic distances

dA;ij ¼ j~rA;i �~rA;jj
dB;ij ¼ j~rB;i �~rB;jj;

ð3Þ

that we will sort in increasing order, in order to quantify the struc-
tural similarity. I.e., we will consider

Q ¼ 1
K

XK

i¼1

ðsA;i � sB;iÞ2

S ¼ 1

1þ Q 1=2 :

ð4Þ

Here, K ¼ MðM�1Þ
2 is the number of terms in the summation. Finally,

sA,i and sB,i are either the sorted, scaled, interatomic distances, or
the sorted, scaled, inverse, interatomic distances. In the former case,
Q may have dominating contributions from atoms that are far apart,
whereas similarity among close neighbors is given less importance.
In order to try to give more emphasis on the near surroundings of
the individual atoms, we have, therefore, also considered the case
that Q is calculated from the inverse interatomic distances.

For M = N not very small, K is much larger than the number of
coordinates, 3M = 3N, that is needed to specify the structure

uniquely. Thus, in that case the approach should be able to quan-
tify structural similarity. However, for M > N difficulties show up.

The simplest case is that of M = N + 1, which happens when, e.g.,
trying to quantify growth patterns, i.e., to quantify whether the
cluster with N + 1 atoms is similar to the one with N atoms plus
an extra atom. In that case, we modified the approach slightly by
considering all those M = N + 1 structures that could be generated
from the cluster with M = N + 1 atoms by removing a single atom
and keeping the positions of the remaining N atoms unchanged.
For each of those M = N + 1 structures with N atoms we calculated
a similarity function from Eq. (4) and ultimately chosen the largest
value of those.

Also for M = N + 2 a similar approach can be applied. Then, we
will consider all the MðM�1Þ

2 structures that can be constructed from
the cluster with M = N + 2 atoms by removing two atoms and keep-
ing the positions of the remaining atoms fixed. As above, we calcu-
late a similarity function from Eq. (4) and ultimately chose the
largest value of those MðM�1Þ

2 different ones.
But if M and N differ by much more than 1 this approach be-

comes increasingly prohibitive, and in the extreme case that
M ?1, which, e.g., is the case when comparing the cluster with
N atoms with the crystalline material, the approach above cannot
be used.

As a simplification we, therefore, suggested to base the similar-
ity function on the scaled radial distances,

rA;i ¼ j~rA;ij
rB;i ¼ j~rB;ij:

ð5Þ

Also these are sorted and S is defined as in Eq. (4). Then, K = N, and
sA,i and sB,i are either the sorted radial distances or the sorted, in-
verse, radial distances. Then, the two cases distinguish between
whether the outermost or the innermost atoms are given most
importance.

This approach works reasonably well as long as the two struc-
tures that are to be compared both are compact. This was the case
for most of the systems we have looked at so far, but if the struc-
tures are less compact problems may easily show up. Thus, when
comparing a hollow nanoparticle (for instance, a C60 molecule)
with one that is filled with some atoms, the approach would find
that the two structures are markedly different, although intuition
would tell that they share many features, i.e., the shell. Moreover,
if the larger system is, again, the crystal for which M ?1, there is
an ambiguity in the definition of the center [cf. Eq. (1)] making the
similarity function non-unique. Furthermore, in that case, the ra-
dial distances would not be able to identify the structural similar-
ity between an elongated cut-out of the crystal and the crystal
itself. On the other hand, S may predict close structural similarity
in cases where intuition would say the opposite. Thus, a square
and a tetrahedron may be found to be identical (by proper choice
of the lengths of the sides).

Other approaches that have been devised to quantify structural
similarity are mainly used for comparing structures of the same
size. This is important in the structure-optimization procedure
since it can be used to avoid that similar structures are been trea-
ted more than one time. This is, e.g., the case for the approach by
Lee et al. [11]. Using two different cut-off distances, d1 < d2, they
calculated for each atom the number of atoms, n1, within d1 from
the reference atom and the number of atoms, n2, with a distance
between d1 and d2 of the reference atom. Thereby, they get for each
of the two structures to be compared two sets of numbers H1(n)
and H2(n), respectively, which give the number of atoms with
n1 = n and n2 = n, respectively. Finally, the differences between
H1(n) and H2(n) is used in identifying structural similarity. In a typ-
ical, closed-packed system, n can at most be of the order of 10,
meaning that the structural information is reduced to roughly 20
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