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a b s t r a c t

The pair density (PD) functional theory is regarded as not only an extension of the density functional the-
ory but also one of the reduced density matrix theories. The main feature of the PD functional theory is
that the PD, as a basic variable, essentially contains more information on the electron–electron interac-
tion than the electron density. In order to develop the PD functional theory, there exist two kinds of prob-
lems to solve. In this paper, we review our recent approaches about how to tackle with these problems,
and show the latest results of the atomic structure calculations for Ne.

� 2012 Elsevier B.V. All rights reserved.

1. Introduction

The density functional theory (DFT) is one of the first-principles
methods that can formally reduce the many-body problem to the
single-particle problem under the effective potential [1,2]. The
Hohenberg–Kohn (HK) theorem and the introduction of the nonin-
teracting reference system enable such a reduction [1,2]. With the
progresses of the computational techniques and computers, the
DFT has been extensively applied to various systems including lar-
ger-size systems such as molecules and solids.

The exchange–correlation (xc) energy functional is a key quan-
tity of the DFT [2]. Namely, the accuracy of the DFT calculation is
explicitly dependent on whether the xc energy functional is rea-
sonably approximated or not. The history of approximations of
the xc energy functional has started from the local density approx-
imation (LDA) which appeared in the original paper of the DFT [2].
After the LDA, a lot of sophisticated approximations have been pro-
posed in an effort to attain the chemical accuracy of calculations.
This developing process of the xc energy functional is likened to
‘‘Jacob’s ladder’’ by Perdew [3]. Among approximations, it is espe-
cially worth noting that the GGA [4] and related approximations
[5,6] have been much utilized due to their validity and simpleness
of the expressions.

However, if one aims at explaining and/or predicting quantita-
tively the various physical quantities besides the electron density
and total energy, the conventional DFT seems to be insufficient

to be applied. This is because the DFT guarantees the reproductions
of the electron density and total energy of the ground state but
does not do the other physical quantities in principle. Namely,
when we intend to reproduce the physical quantities other than
the electron density and total energy, we cannot reach the goal
of the first-principles calculations along Jacob’s ladder of the xc en-
ergy functional of the DFT.

The reduced density matrix (RDM) has more information than
the electron density. The first-principles calculation methods that
pursue the RDM have been developed by many challengers and
pioneers including Coleman [7–13]. The greatest merit of these
RDM theories is the ability to predict not only the electron density
but also the other physical quantities via the RDM. For example,
the expectation value of the one-particle operator such as the ki-
netic energy (KE) can be calculated from the first-order RDM (1-
RDM). Similarly, that of the two-particle operator such as the xc
energy can be calculated from the second-order RDM (2-RDM)
[14]. Since these merits are quite attractive, the direct calculation
methods of the 2-RDM have been developed by Nakatsuji [15], Val-
demoro [16], Mazziotti [17–19].

On the other hand, it is pointed out as a demerit that the calcu-
lation load of the RDM theory is generally larger than that of the
DFT. The applications have been so far restricted to smaller-size
systems. This is because the number of variables for the RDM (6–
12 variables) is larger than that of the electron density (three vari-
ables). In general, the more number of variables a function has, the
heavier the calculation to determine its spatial shapes becomes
[20]. However, with the recent developments of the calculation
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methods, it is becoming possible to apply the 1-RDM theory to lar-
ger-size systems such as molecules and solids [22–31].

The pair density (PD) is the diagonal elements of the 2-RDM.
Similarly to the 1-RDM, the PD is a 6-variables function, so that
it is expected that the PD functional theory would also be applica-
ble to larger-size systems [32]. The PD functional theory was first
proposed by Ziesche [33,34]. After his proposal, many workers
have studied it extensively [35–64]. The PD has more information
than the electron density, namely, the expectation value of an arbi-
trary two-particle operator can be obtained only by using this. In
addition to this merit, the PD functional theory has another merit
which is related to the development of the approximate functional.
That is to say, in the PD functional theory, only development re-
quired is the approximate form of the KE functional, because the
xc energy functional can rigorously be expressed by the PD [65].

For developing the PD functional theory, as mentioned in the
subsequent section, there exist two kinds of problems to solve. In
this paper, we present our recent approaches mainly about the
way to overcome these problems.

Organization of this paper is as follows: In Section 2, we outline
the PD functional theory, and refer to two kinds of problems to the
development of it. In Section 3, our recent approaches are presented,
and especially an effective extension method of the search region of
PDs is explained. Finally, concluding remarks are given in Section 4.

2. Outline of the Pair density functional theory

In this section, we shall sketch the outline of the PD functional
theory. The PD is defined as:

cð2Þðrr0;rr0Þ¼NðN�1Þ
2

Z
jWðrf;r0f0;r3f3; . .. ;rNfNÞj2dfdf0d3r3df3 � � �d3rNdfN ;

ð1Þ

where rj and fj are spatial and spin coordinates of the jth electron,
respectively, and where W(r1f1, r2f2, . . . , rNfN) is the antisymmetric
wave function. The universal energy functional of the PD functional
theory is defined as

F½cð2Þ� ¼ Min
W!cð2Þ

hWjbT þ cW jWi ¼ hW½cð2Þ�jbT þ cW jW½cð2Þ�i; ð2Þ

where bT and cW are operators of the KE and electron–electron inter-
action energy, respectively. The right-hand side of the first line of
Eq. (2) denotes the searching of the minimum for the expectation
value of bT þ cW over all antisymmetric wave functions that yield a
prescribed c(2)(rr

0
;rr

0
), and W[c(2)] which appears in the second line

is the minimizing wave function.
Using this functional, the HK theorem with respect to the PD can

be proven in a similar way to the DFT [1,2] and extended con-
strained-search theory [66–71]. The first theorem is one-to-one cor-
respondence between the ground-state PD and ground-state wave
function. The second theorem is the variational principle with re-
spect to the PD. According to the second theorem, the ground-state
PD gives the minimum of the following total energy functional:
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� �
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with
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� �
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where vext(r) is the external potential. It should be noted that the PD
functional theory does not need to introduce the xc energy

functional since the electron–electron interaction energy can be
written exactly by using the PD. In the conventional DFT, it is indis-
pensable to approximate both KE and xc energy [2]. On the other
hand, in the PD functional theory, only the KE is needed to be
approximated. This is also a merit of the PD functional theory.

As is already known, there exist two kinds of problems for
developing the PD functional theory [46]. One is that necessary
and sufficient conditions for the N-representability of the PD have
not yet been known in a practical form. Namely, we have to devise
how the search region of PDs is extended sufficiently with preserv-
ing the N-representability of PDs [7–11,53–64]. The other is the
approximate form of the KE functional. The KE can be written by
the 1-RDM, but not by the PD alone [72]. As a result, we have to
devise the approximate KE in a form of the functional with respect
to the PD [73–77].

In order to develop the PD functional theory, the above-men-
tioned problems should be considered simultaneously. This is be-
cause we cannot check the validity of either one without
checking that of the other. So far, we have attempted several ap-
proaches in an effort to overcome or reduce above problems. Let
us mention them in the next section.

3. Our recent approaches

3.1. KE functional

First we shall show our strategy for developing the approximate
form of the KE functional. In the conventional DFT, methods for the
development of the approximate xc energy functional are classified
into two groups. One is the method to develop the approximate
form on the basis of the coupling-constant expression for the xc
energy functional [78]. This is rigorously written by introducing
the varying coupling-constant of the electron–electron interaction
[78]. Another is to develop the approximate form by utilizing as the
restrictive conditions the relations to be fulfilled by the xc energy
functional. Such relations have been derived by scaling the coordi-
nates of electrons uniformly and nonuniformly [79,80].

It is expected that similar methods may be effective for the KE
functional of the PD functional theory. We have recently derived
the coupling-constant expression for the KE functional [77], and
several types of relations to be fulfilled by the KE functional
[51,77]. In the former case, the difference between the KE func-
tional of the noninteracting fictitious system and that of the real
system is renormalized into the coupling-constant integration
[77]. On the basis of this expression we also propose the approxi-
mate form of the KE functional of the PD functional theory [77]. In
the latter case, exact relations that are fulfilled by the KE functional
are derived by means of the HK theorem and scaling properties of
the KE functional [51]. By imposing these relations as the restric-
tive conditions to the KE functional, the approximate forms have
also been obtained [51]. One of them is illustrated as [51]ZZ

K
1
r2 þ
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þ K 0

rr0

� �
cð2Þðrr0; rr0Þd3rd3r0; ð5Þ

where K and K
0

are constants. Combining these approximate KE
functionals with the idea which is related to the search region of
PDs, atomic structure calculations have been performed so as to
confirm the validities of our PD functional theories [46–48,50–
52,81]. Concerning the idea about the search region of PDs, we will
explain just below.

3.2. Search region of PDs

The other problem of the PD functional theory is the necessary
and sufficient conditions for the N-representability of the PD. As
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