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a b s t r a c t

A link between density and pair density functional theories is presented. The method of Levy, Perdew and
Sahni is used to derive a relationship between the effective potentials of the Euler equation of the density
functional theory and the Pauli potential of the pair density functional theory and between the effective
potential for the spherically and system-averaged pair density and the Pauli potential of the pair density
functional theory. These expressions can be considered constraints that the Pauli potential and the effec-
tive potentials should fulfil. They might be very useful in constructing approximations.

� 2012 Elsevier B.V. All rights reserved.

1. Introduction

Electronic and spectroscopic properties of atoms, molecules and
clusters are frequently calculated with the Kohn–Sham equations
of the density functional theory. Recently, there is a growing inter-
est in the orbital-free theory, because of an enormous simplifica-
tion due to the fact that only the Euler equation has to be solved
instead of the Kohn–Sham equations.

The Euler equation is the fundamental equation of the orbital-
free density functional theory [1]. There exist several derivations
of the Euler equation [2–4]. Levy et al. [2] derived a differential
equation for the square root of the density and derived the local
effective potential of this equation. Their method will be applied
here to establish a relationship between the density functional
and the pair density functional theories.

There is a renewed interest in the density matrix theory. Here
we study the pair density functional theory. It was shown [5–8]
that the problem of an arbitrary system can be reduced to a two-
particle problem. It means an enormous simplification as we al-
ways have to solve a two-particle equation independently of the
number of electrons. This remarkable result has the drawback that
there is an unknown term in the effective potential. It was shown
that this term is completely of kinetic nature and called Pauli
potential.

It turned out that exact relations and theorems are important in
the density functional theory as they proved to be useful in
improving the accuracy of approximate energy functionals. It is be-

lieved that exact relations are also very useful in the pair density
functional theory. Here an exact relation is derived that might be
useful in inventing accurate approximations for the Pauli potential.

Some years ago Savin [9] proposed a theory that provides sim-
ple radial equations for a quantity f(r) called spherically and sys-
tem-averaged pair density. Savin [9] conjectured that f(r) can be
given by a weighted sum of the square of ‘effective geminals’. Later,
the present author [10] derived a radial equation for the square
root of f(r) via a double adiabatic connection. It was shown that
it is possible to give a theory in which a single ‘effective geminal’
gives the function f(r) contrary to the theory of Savin. The effective
potential of this radial equation has also an unknown part. Using
the method of Levy et al. [2] a relationship is established here be-
tween the effective potential for f and the Pauli potential of the pair
density functional theory.

In Section 2. a relation between the effective potential of the Eu-
ler equation and the Pauli potential of the pair density functional
theory is derived. Section 3 presents a link between the effective
potential for f and the Pauli potential of the pair density functional
theory. Section 4 is devoted to discussion.

2. Derivation of a relation between the effective potential of the
Euler equation and the Pauli potential of the pair density
functional theory

The Euler equation of the orbital-free density functional theory
[1] can be written

dTs

d.
þ vKS ¼ l: ð1Þ
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There exist several forms of the Euler equation [2–4]. The form
above is written in the non-interacting system. Ts,., vKS and l are
the non-interacting kinetic energy, the electron density, the
Kohn–Sham potential and the chemical potential, respectively. Levy
et al. [2] derived a differential equation for the density

�1
2
r2 þ v þ veff

� �
.1=2 ¼ l.1=2; ð2Þ

where v is the external potential and veff is a local effective poten-
tial. Another often applied form of the Euler equation is

�1
2
r2 þ vp þ vKS

� �
.1=2 ¼ l.1=2; ð3Þ

where vp = v + veff � vKS is the Pauli potential.
Turning to the pair density functional theory [6,7] first a short

summary follows, then a relationship between veff above and the
effective potential of the pair density functional theory is derived.

The pair density n can be calculated from the wave function by
integrating jWj2 for all coordinates except r1 and r2:

nðr1; r2Þ ¼
NðN � 1Þ

2

Z
jWðr1;r1; r2;r2; r3;r3; . . . ; rN;rNÞj2

� dr1dr2dr3dr3; . . . ;drNdrN ; ð4Þ

where ri,ri stand for the spatial and the spin coordinates and the
integral symbol when referred to spin denotes summation. N is
the number of electrons. The electron density, on the hand, can be
given as

.ðrÞ ¼ N
Z
jWðr1;r1; r2;r2; . . . ; rN ;rNÞj2dr1dr2dr2; . . . ;drNdrN:

ð5Þ

The relation between the density and the pair density is

.ðr1Þ ¼
2

N � 1

Z
nðr1; r2Þdr2: ð6Þ

It has been proved [6–8] that the ground-state pair density can be
determined by solving a single auxiliary equation of a two-particle
problem

�1
2
r2

1 �
1
2
r2

2 þ vpdft
p ðr1; r2Þ þ vpdft

eff ðr1; r2Þ
� �

n1=2ðr1; r2Þ

¼ lpn1=2ðr1; r2Þ; ð7Þ

where

vpdft
eff ðr1; r2Þ ¼ vðr1Þ þ vðr2Þ þ

N � 1
r

: ð8Þ

lp is the energy needed to remove two electrons from the N-
electron system. vpdft

p is the Pauli potential of the pair density func-
tional theory [6,7].

To derive a relation between the effective potential of the Euler
equation and the Pauli potential of the pair density functional the-
ory first Eq. (7) is rewritten with the density amplitude v as

�1
2
r2

1 �
1
2
r2

2 þ vpdft
p ðr1; r2Þ þ vpdft

eff ðr1; r2Þ
� �

vðr1; r2Þ

¼ lpvðr1; r2Þ; ð9Þ

where

nðr1; r2Þ ¼
NðN � 1Þ

2
jvðr1; r2Þj2: ð10Þ

Now, the method of Levy et al. [2] is applied to the two-electron Eq.
(9) (instead of the N-electron Schrödinger equation of their original
paper). The density amplitude is written as

vðr1; r2Þ ¼ N�1=2.1=2ðr1Þ/ðr1; r2Þ: ð11Þ

Substituting Eq. (11) into Eq. (10) and taking into account the rela-
tion between the density and the pair density (6) we are led toZ
j/ðr1; r2Þj2dr2 ¼ 1 ð12Þ

for any point r1. Substituting Eq. (11) into the two-electron Eq. (9),
multiplying it with /⁄(r1,r2) and integrating for r2 we arrive at the
relationZ

/�ðr1; r2Þ �
1
2
r2

1 �
1
2
r2

2 þ vpdft
p ðr1; r2Þ þ vpdft

eff ðr1; r2Þ
� �

� .1=2ðr1Þ/ðr1; r2Þdr2

¼
Z
j/ðr1; r2Þj2.1=2ðr1Þdr2 ¼ lp.

1=2ðr1Þ; ð13Þ

Combining Eqs. (2) and (13) the effective potential of the Euler
equation has the form

veff ¼
1
2

Z
jr1/ðr1;r2Þj2dr2þl�lp

þ
Z

/�ðr1;r2Þ �
1
2
r2

2þvðr2Þþ
N�1

r
þvpdft

p ðr1;r2Þ
� �

/ðr1;r2Þdr2:

ð14Þ

To obtain this expression the relation r1
R
j/ðr1; r2Þj2dr2 ¼ 0 (fol-

lowing from Eq. (12)) was used.
Eq. (14) establishes a relationship between the effective poten-

tial of the Euler equation and the Pauli potential of the pair density
functional theory [6,7]. Note that because of relation (11), Eq. (14)
contains only the density . and the pair density n.

3. Derivation of a relation between the effective potential for f
and the Pauli potential of the pair density functional theory

The spherically and system-averaged pair density is defined as

f ðrÞ ¼
Z

nðr;RÞ dXr

4p
dR; ð15Þ

where

r ¼ r1 � r2: ð16Þ

and

R ¼ 1
2
ðr1 þ r2Þ: ð17Þ

Savin [9] put forward a theory in which f(r) can be given by a
weighted sum of the square of ‘effective geminals’ wiX

i

hijwiðrÞj
2 ¼ f ðrÞ; ð18Þ

with weighting factors of ‘occupancy’ hi. These ‘effective geminals’
wi satisfy simple radial equations

�r2
r þ ~weff ðrÞ

h i
wiðrÞ ¼ �iwiðrÞ: ð19Þ

Later, a double adiabatic connection was applied [10] to derive a ra-
dial equation for the square root of f(r)

�r2
r þweff ðrÞ

h i
f 1=2ðrÞ ¼ ef 1=2ðrÞ: ð20Þ

It turned out that a theory in which a single ‘effective geminal’ gives
the function f(r) is also possible.

The starting point of the derivation is the two-particle Eq. (9).
Using relative and center of mass coordinates (Eqs. (16) and (17))
the two-particle equation has the form

�1
4
r2

R �r2
r þ vpdft

p ðR; rÞ þ vpdft
eff ðR; rÞ

� �
vðR; rÞ ¼ lpvðR; rÞ: ð21Þ
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