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a b s t r a c t

The spin Hamiltonian parameters (zero-field splittings D, g factors g// and g\, the hyperfine structure con-
stants and the spin–lattice coupling coefficients |G–|, |G15|, |G51| and |G44|) for V3+ and Cr4+ in a-Al2O3 are
theoretically investigated from the perturbation formulas of these parameters for a 3d2 ion under trigo-
nally distorted octahedra. In these formulas, the contributions from the dynamical Jahn–Teller effect, the
configuration interactions and the ligand orbital and spin–orbit coupling interactions are quantitatively
taken into account in a uniform way based on the ligand field model. The impurity-ligand bond angles
related to the C3 axis are found to experience the variations of about 1.5–1.9� due to the dynamical
Jahn–Teller nature, yielding more regular octahedra around the 3d2 impurities. In addition, the size mis-
matching substitution of the smaller host Al3+ by the larger impurities may also bring forward some con-
tributions to the local angular distortions. All the calculated spin Hamiltonian parameters based on the
above angular variations show reasonable agreement with the experimental data for both centers. The
improvements are achieved in this work by adopting the uniform model and formulas and much fewer
adjustable parameters as compared with the previous treatments.

� 2011 Elsevier B.V. All rights reserved.

1. Introduction

As a promising laser host [1–3], corundum (a-Al2O3) crystals at-
tract much interest of the researchers due to their unique crystal-
field [4], catalytic [5], electronic [6], irradiative [7], structural [8]
and photoluminescence properties [9] when doped with V3+ and
Cr4+ impurities. a-Al2O3 is also a model material for the investiga-
tions of defect structure and spectral properties for some doped
transition-metal ions (e.g., Ni2+, Cr3+, Fe3+ and Mn4+) by means of
electron paramagnetic resonance (EPR) [10–12]. In particular, V3+

and Cr4+ can be regarded as typical systems in EPR investigations
due to the fact that they only have two unpaired 3d electrons, asso-
ciated with relatively simple energy levels [13]. The EPR experi-
ments were carried out for V3+ and Cr4+ in a-Al2O3, and the spin
Hamiltonian parameters (the zero-field splittings D, the aniso-
tropic g factors g// and g\, the hyperfine structure constants A//

and A\ and the spin–lattice coupling coefficients |G–|, |G15|, |G51|
and |G44|) were also measured for the two trigonal centers [14–
20]. Although the zero-field splittings and the g factors have been
theoretically interpreted on the basis of the static crystal-field
model [21,22], the dynamical Jahn–Teller effect was not suffi-
ciently analyzed for these typical Jahn–Teller systems. On the other
hand, a systematic theoretical model was established for a trigonal

3d2 Jahn–Teller cluster in Refs. [14,15] by considering the first and
second-order Jahn–Teller effect. However, there are some imper-
fections in their studies. First, the theoretical analysis was not cor-
related to the local structures of the impurity centers but treated
by adopting some adjustable parameters (e.g., the trigonal field
parameters and the related energy separations). Second, the con-
figuration interactions between the ground 3T1(F) and the excited
3T1(P) states were taken into account by introducing the adjustable
effective Lande factor a (=a0), with the anisotropy or difference
between the configuration interactions parallel and perpendicular
to the C3 axis ignored. Third, only the central ion orbital and spin–
orbit coupling contributions were included in the calculations,
while those from the ligand orbital and spin–orbit coupling
interactions were not taken into account. Fourth, the hyperfine
structure constants have not been theoretically explained for
a-Al2O3:V3+ up to now.

Therefore, the previous studies are largely inadequate, and this
problem is worthy of further investigation. In this work, the im-
proved perturbation formulas of the spin Hamiltonian parameters
are established for a 3d2 ion under trigonally distorted octahedra
by considering the dynamical Jahn–Teller effect. In the calcula-
tions, the configuration interactions, the ligand orbital and spin–
orbit coupling contributions and the local angular variations of
the dynamical Jahn–Teller nature are included uniformly from
the ligand field model with much fewer adjustable parameters
than the previous studies.
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2. Theory and calculations

When a V3+ or Cr4+ ion is doped into the lattice of corundum, it
may occupy substitutionally the Al3+ site and conserve the original
trigonal symmetry. For a 3d2 ion under octahedra, its ground 3F
configuration may split into two orbital triplets 3T1g and 3T2g and
a singlet 3A2g by the cubic part of the crystal fields. As a Jahn–Teller
ion, V3+ or Cr4+ with the lowest threefold orbital degenerate 3T1g(F)
state may experience the dynamical Jahn–Teller effect via vibra-
tional interactions [14], e.g., the local impurity-ligand bond angles
would suffer some variations via leaning the bonds towards or
away from the C3 axis. In addition, the size mismatching substitu-
tion of the smaller Al3+ by the larger impurities can also lead to
some modifications of the immediate environments of the impu-
rity centers. So, the local structures (i.e., the local impurity-ligand
bond angles b01 and b02 of the upper and lower ligand triangles re-
lated to the C3 axis) around the impurities V3+ and Cr4+ are usually
dissimilar to those (i.e., the host bond angles b1 and b2) of the Al3+

site. Thus, the local structures of the impurity centers can be illus-
trated by the local angular variations.

Under the influences of the trigonal part of the crystal fields, the
lowest 3T1(F) state can further be separated into one singlet 3A2g

and one doublet 3Eg. Importantly, the 3T1(F) state also has configu-
ration interactions with the excited 3T1(P) state of the same irre-
ducible representation. In order to establish the formulas of the
spin Hamiltonian parameters, the effective Hamiltonian of the fic-
tion orbital angular momentum l0 = 1 and spin S = 1 for the 3T1(F)
ground state (the 9 � 9 matrix) may be expressed as [14]:
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Here d denotes the trigonal splitting (i.e., the energy separation be-
tween 3A2g and 3Eg levels) of the ground 3T1(F) state. c is the first-
order Jahn–Teller reduction factor. a and a0 are the effective Lande
factors parallel with and perpendicular to the C3 axis. f (and f0), k
(and k0) and P (and P0) are, respectively, the spin–orbit coupling
coefficients, the orbital reduction factors and the dipolar hyperfine
structure parameters for the 3d2 ions in crystals. EJT is the Jahn–
Teller stabilization energy. D1 and D2 are the constants describing
the coupling of the orbital triplets (i.e., 3T2(t2e) and 3T1(t2e)) to
the E-type vibration modes under trigonal and cubic symmetries,
respectively, which are relevant to the energy separations (e.g.,
ET2) with regard to the ground 3T1(F) state. Using the energy matri-
ces for a 3d2 ion under trigonally distorted octahedra, the energy
separations d and ET2 as well as the effective trigonal splitting d0 be-
tween 3Eg and 3A2g levels in view of the Jahn–Teller effect can be ob-
tained from the strong field scheme [15]:
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ffiffiffiffiffiffi
10
p

EJTm0=ð4ET2Þ� þ m2Fa=3g;

ET2 � 2Dq� fð15B� 6DqÞ � ½ð15Bþ 6DqÞ2 þ 64Dq2�1=2g=2: ð2Þ

Here v and v’ are the trigonal field parameters. Fa (and Fb) are the
second-order Jahn–Teller reduction factors. Dq is the cubic field
parameter, and B is the Racah parameter for the 3d2 ions in crystals.
Then the eigenvectors |S, Ms> of the ground 3T1(F) state are ex-
pressed in terms of the bases |ml, ms> [14]:

j1; 0 >¼ j0;0 > þ�j1; �1 > þ�j � 1; 1 >;

j1; �1 >¼ j0; �1 > þWj � 1; 0 > �Uj � 1; �1 > ð3Þ

Here the admixture coefficients of these bases can be obtained from
the perturbation method by considering the first- and second-order
Jahn–Teller effects:

� ¼ �½kacþ aFav=3þ a02fFa=2þ a02fðFb � FaÞ=6�=ðd0 � kac

þ 2aFav=3Þ;

W ¼ �½k0a0cþ aFav=3� a02fðFb � FaÞ=6�=d0;
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In the above formulas, a and a0 are determined from the perturba-
tion method in terms of the related configuration interaction
coefficients:
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ffiffiffi
5
p
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5
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The related configuration interaction coefficients e, e0, s, s0, q and r
are acquired from the perturbation method. The basis |ml, ms> can
be expanded as linear combinations of the corresponding compo-
nents of the ground state 3T1(F) under trigonal symmetry (similar
to the treatments of the ground 4T1(F) orbital triplet for a 3d7 ion
in trigonally distorted octahedra [13]):

j1 >¼ � 1ffiffi
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Here /0x;/
0
y and /0z stand for the corresponding components of 3T1(F)

state in view of the configuration interactions between the ground
3T1(F) and the excited 3T1(P), 3T2(F) and 3A2(F) states. Thus, we have

/0x ¼ e/x � spx � qwy;

/0y ¼ e/y � spy � qwx;

/0z ¼ e0/z � s0pz � rv;
ð7Þ

Here uj (j = x, y and z), pj, wi (i = x and y) and v denote the corre-
sponding components of the pure 3T1(F), 3T1(P), 3T2(F) and 3A2(F)
states, respectively. The configuration interaction coefficients can
be calculated from the energy matrices for a 3d2 ion under trigonal
symmetry in terms of the cubic and trigonal field parameters and
the Racah parameter:
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Using the above effective Hamiltonian and the bases of the

ground state, the improved perturbation formulas of the spin Ham-
iltonian parameters (zero-field splitting D, g factors g// and g\, the
hyperfine structure constants A// and A\ and the spin–lattice cou-
pling coefficients G–, G15, G51 and G44) for a 3d2 ion in trigonally dis-
torted octahedra are derived as follows:

D ¼ ðf=2Þf�fa2Faðw2 þU2 � 6�� 1Þ=2þ 2aFavð3U2 þ 4U2w

� 6�2Þ=3þ �2fa2ðFb � FaÞ=3� acð3U2 þ 4U2wþ 6�2Þ

þ d0½ð11=3Þðw2 þU2 � 2�2Þ � 4U2w�g;
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