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a b s t r a c t

In this paper we present numerical modeling results for fringing field optimization of hemispherical
deflector analyzers (HDAs), simulated using boundary-element and finite-difference numerical methods.
Optimization of the fringing field aberrations of HDAs is performed by using a biased optical axis and
an optimized entry position offset (paracentric) from the center position used in conventional HDAs. The
described optimization achieves first-order focusing thus also further improving the energy resolution
of HDAs.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

The trajectory of a charged particle moving in the field of an
electrostatic energy analyzer is a subject of long-standing inter-
est to experimentalists [1]. There continues to be a number of
diverse fields where this problem is of paramount importance, as
for example in the design of high-resolution electron spectrometers
[2,3], space craft instruments [4], time-of-flight mass spectrom-
eters [5], and electron microscopes [6] to mention only a few
examples.

Hemispherical deflector analyzers (HDAs) combined with a
cylindrical input-lens-system are widely used to analyze the energy
of charged particle beams in collision physics [7–11], and are char-
acterized by good energy and angular resolutions. In particular,
the elimination of aberrations caused by the inherent fringing
fields at the boundaries of electrodes is of primary concern. Fring-
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ing fields introduce departures from ideal field behavior leading
to distorted trajectories, the degradation of first-order focusing
and a corresponding loss in transmission. This is one of the main
disadvantages of this type of analyzer. Over the past fifty years,
traditional approaches to cure this problem have primarily sought
to suppress these fields by improving field termination conditions
typically requiring the unwieldy use of additional electrodes. The
commonly used fringing field correctors such as Herzog [12], Jost
[13], equipotential rings [14], and tilted input lens [15] mounted
at the entrance and exit of the hemispheres reduce the effect of
the electrostatic fringing field, but do not solve the problem, espe-
cially for spheres with a large interelectrode distance (≥50 mm).
Analyzers using these correction methods have complex-shaped
electrodes.

In 2000, Benis and Zouros [16] first showed that a simple dis-
placement of the HDA entry from its conventional center position
(R̄) at ground potential to a new position R0 < R̄ with a positive
entry bias (V0 > 0) results in the restoration of first-order focusing
without using any additional fringing field correctors. This is the
result of the effective utilization of the intrinsic lensing proper-
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ties of the fringing fields. This arrangement has been referred to
as positively “biased paracentric entry” HDA (BPHDA). In Ref. [17],
we extended their analysis and showed that there also exists a
negatively BPHDA with R0 > R̄ and V0 < 0. Very recently, we have
reported on a detailed comparison of the commonly used fringing
field correction schemes and showed that the biased paracentric
entry configurations showed good focusing characteristics [18]. In
this work, we give a physical interpretation of the lensing effect of
the fringing field and propose a method for the numerical evalua-
tion of the first- and second-order aberration arising in the fringing
field regions of HDAs. Calculations of fringing field potentials are
based on the boundary-element method (BEM) and the finite-
difference method (FDM).

The work is organized as follows: In Sections 2.1 and 2.2, we
introduce the HDA and present the analytical and numerical solu-
tions for the ideal field. We compare the accuracy of simulated
non-relativistic electron trajectories using BEM and FDM, and show
that BEM results are extremely precise. Section 2.3 is devoted to
the determination (numerically) of the fringing fields using BEM.
In Section 3, we explain how ideal field trajectories are modified
for fringing field cases, and show the efficacy of the new controlled
lensing approach used in BPHDAs.

2. Hemispherical deflector analyzer

2.1. Ideal fields: analytical solution

Fig. 1 shows a cross section of an ideal HDA, where the deflecting
electrostatic field is formed by the two concentric spherical surfaces
of radii R1 and R2 at potentials V1 and V2, where 1 and 2 refer to the
inner and outer spheres, respectively [19]. In the absence of fringing
field effects, the electrostatic potential in the space between the two
spheres, obtained from the solution of Laplace’s equation, is given
by

V(r, �, ϕ) = V(r) = −k

r
+ c, (1)

where

c = V2R2 − V1R1

�R

k = �V

�R
R1R2

, (2)

in which �R = R2 − R1 and �V = V2 − V1.
In an ideal field, the electron-optical properties can be derived

from the trajectory of an electron subject to V(r). Since the electric
field and therefore, the force on the particle is proportional to 1/r2,
the trajectory is a Kepler orbit [11,20].

Fig. 1. Schematic cross section of a hemispherical deflector analyzer showing the
various symbols used in the text.

For a particle emitted from the entrance of the HDA (r0, �0 = 0)
with energy E and launching angle ˛, the solution of the particle
trajectory inside the HDA, r(�), is [11]

r(�) = r0

[
qk(1 − cos �)

2r0 cos2 ˛
(

E − qc + qk
r0

) + cos � − tan ˛ sin �

]−1

(3)

and the exit radius r� at � = � is [11]

r� = r0

[
r0(E − qc) + qk

qk tan2 ˛ − r0(E − qc)

]
. (4)

The voltage equations with respect to ground are obtained from
[11]:

qVi = E0

{
1 − �

�

[
R0(1 + �)

Ri
− 1

]}
(i = 1, 2), (5)

where � is the HDA paracentricity defined as � = R�/R0, while � is
the bias (biasing parameter) defined as � = 1 − qV(R0)/E0. Thus, a
conventional HDA has � = 1 and � = 1, while a BPHDA will have both
� /= 1 and � /= 1. Eq. (5) uniquely determines V1 and V2 in terms
of potential V(r0) (or �), the pass energy E0 and the positions of the
entrance R0 and the exit R� (or �), respectively. This is the most
general formula for the voltages from which all specific cases may
be derived.

The pass energy E0 directly depends on the potential difference
�V applied between the hemispheres causing the dispersing field,
through [11]

E0 = Cq�V (6)

C = R1R2
�
�

(1 + �)R0�R
(7)

where C is the calibration constant [21].
Fig. 2 is a plot of the trajectories for ideal fields, as predicted

by Eq. (3). This is the general equation of the particle trajectory
within the ideal field HDA. Using Eq. (5), the potential was cal-
culated for a configuration in which R1 = 75 mm, R2 = 125 mm, and
R� = 100 mm with R0 taken as either centric 100 mm or paracen-
tric 85 mm and 115 mm, respectively. These entry positions and
HDA geometry were chosen to correspond to that of a spectrometer
under construction in our laboratory with the particular entry posi-
tions determined in previous work [18] as having optimal focusing
properties. Each trajectory group on the left side is made up of elec-
trons which leave a point source at an angle ˛ between −5◦ and 5◦

(left) or between −2◦ and 2◦ (right). The central group of orbits
(right) has an energy ratio of E/E0 = 1, while the upper orbits have
1.05 and the lower 0.95, respectively. The biasing parameter � was
taken to be 1.0 (i.e. unbiased) for the ideal field calculations. In the
case of the ideal paracentric HDA biasing does not seem to have
any distinct practical advantages over the conventional unbiased
centric HDA [22].

An expression for the base width and base energy resolution
of an HDA can be deduced from the differential equations of the
trajectories in the deflector field. This can be obtained from the total
differential relation of r� [11]. The voltages on the hemispheres are
adjusted so that an electron entering the analyzer at R0 with an
energy E0 and angle ˛ = 0 exits the analyzer at R� = (R1 + R2)/2. This
E0 is called “the pass energy” and the trajectory the central ray. If
an electron enters this analyzer at r0 = R0 ± �r0/2 with an energy
E = E0 ± �E/2 and at small angles, then the electron will leave the
analyzer at r� = R� ± �r�/2 (notice that the base energy width �E is
different from the FWHM resolution �E1/2 used elsewhere). Since
�r0/R0, �E/E, and ˛2 are all �1, the exit beam width �r� is given
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