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a b s t r a c t

Linear and nonlinear response of a four-level N-type atomic system for a weak probe field is

investigated. It is demonstrated that the giant Kerr nonlinearity with reduced absorption can be

achieved by the spontaneously generated coherence. In addition, the effect of a relative phase between

coupling fields on linear and nonlinear absorption as well as Kerr nonlinearity is then discussed.

& 2012 Elsevier B.V. All rights reserved.

1. Introduction

Quantum coherence and interference are the basic mechan-
isms for controlling the optical properties of the medium. It is
well known that the Kerr nonlinearity is determined by the real
part of the third order susceptibility. All materials exhibit this
effect, but the main difference is their extend of the nonlinear
response to the applied fields. For many years, experimental
research on quantum nonlinear optics has been limited because
of the weak nonlinear response of even the best materials.
Fortunately, the field of electromagnetically induced transparency
(EIT) [1] leads to achieving large optical nonlinearity [2–4].
Schmidt and Imamoglu [5] proposed a scheme to achieve a large
Kerr nonlinearity in an EIT medium. Several methods were
described to enhancement the Kerr nonlinearity with reduced
linear absorption in an EIT medium [6–12]. It has been observed
that the optical properties of an atomic system can be controlled
by coherent driving fields. Also, it is usually believed that the
spontaneous emission destroy the atomic coherence. However,
spontaneous emission can be used to produce atomic coherence
as long as there exist two closely-lying levels with non-orthogo-
nal dipoles in an atomic system. Atomic coherence based on
spontaneous emission is usually referred to as vacuum-induced
coherence or spontaneously generated coherence (SGC) [13]. One
important application of quantum coherence and interference
created by SGC is modification of linear and nonlinear absorption
and dispersion [14]. The enhanced Kerr nonlinearity with zero
absorption via SGC has also been investigated [15,16]. SGC along
with EIT generally can increase the effective interaction time of

the pulse with the medium leading to achieving of nonlinear
optical processes at low light intensities. Thus, it is desirable to
have large third order nonlinear susceptibilities under the condi-
tion of low light power and high sensitivities [17]. Giant Kerr
nonlinearity may lead to many important applications in non-
linear phenomena, for example; multiple usages of giant Kerr
nonlinearity in quantum information process (QIP) enable us to
detect and resolve individual optical number states, such as
quantum bit regeneration [18], long-distance quantum teleporta-
tion [19], Bell-state measurements [20], optical Fock state
synthesis [21] and so on. In the present study, theoretical investiga-
tion is carried out on the third order nonlinear susceptibility of a
four level atomic system. Recently, we (with collaborates) investi-
gated the optical bistability and multi-stability of N-type atomic
system in the presence of SGC [22]. Now, we intend to study the
Kerr nonlinearity of the same atomic system via quantum inter-
ference arising from SGC. In fact, the effect of SGC on the enhance-
ment of Kerr nonlinearity of the four-level N-type system is
proposed. By proper choice of atomic parameters, the giant Kerr
nonlinearity with reduced absorption can be achieved. It is found
that in the presence of SGC the system completely becomes phase
dependent, thus phase control of Kerr nonlinearity is discussed.

The paper is organized as follows: we present the model and
equation of motions in Section 2. Analytical solution of density
matrix equation of motion for the first and third order suscept-
ibility is given in Section 3. Result and discussion are presented in
Section 4, and the conclusion can be found in Section 5.

2. Model and equations of motion

Consider a four-level N-type atomic system as shown in Fig. 1.
The intermediate level 2j i is coupled to upper levels 3j i and 4j i by
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two coherent laser fields. Levels 2j i and 4j i are coupled by a

control field with frequency u1 and Rabi-frequency O1 ¼
E1 :Y
!

42
_ ,

while another control field with frequency u2 and Rabi-frequency

O2 ¼
E2 :Y
!

32
_ couples levels 2j i and 3j i. The ground level 1j i is

coupled to the exited level 4j i by a weak tunable probe field with

frequency up and Rabi-frequency Op ¼
Ep :Y
!

41
_ , where E1,2 (Ep) are

the amplitudes of the coupling (probe) fields and Y!ij denotes the

atom dipole moments associated with the transition i
�� �- j

�� �. The

Rabi-frequencies are considered to be real, so we can define them

as Oi �Oie
iji ði¼ 1,2,pÞ: The spontaneous decay rates from upper

level 4j i to lower levels 1j i and 2j i are denoted by g1 and g2,
respectively. The corresponding decay rate from level 3j i to level
2j i is also denoted by g3. The transition between levels 4j i and 3j i,

levels 2j i and 1j i are electrically forbidden.
The dynamics of the system is described by the density matrix

equation of motion

_r ¼� i

_
H,r
� �

þLr ð1Þ

Here, H represents the interaction Hamiltonian of the system.
Under the rotating wave approximation and in the rotating frame
and Lr represents the atomic damping to background modes. The
density matrix equations of motion can be written as [22]
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The above equations are constrained by ~r11þ ~r22þ ~r33þ

~r44 ¼ 1 and ~rn

ji ¼ ~r ij.
The detuning parameters are defined as D1¼o42�u1,

D2¼o32�u2, and Dp¼o41�up, where oij is the frequency deference
between level i

�� � and level j
�� �. The parameter Pð ¼ ððY!42: Y!32Þ=

ð9Y!429Y
!

329ÞÞ ¼ cosyÞ arises due to the quantum interference
between two decay channels 4j i- 2j i and 3j i- 2j i. In fact, the
parameter P denotes the alignment of the two dipole moments
Y!42 and Y!32, which represent the strength of the interference in
spontaneous emission. Here y is the angle between two induced
dipole moments Y!42 and Y!32. If two dipole moments are ortho-
gonal, there is no interference due to spontaneous emission and
P¼0, whereas for the parallel dipole moments, the effect of
quantum interference is maximal and P¼1. By considering
Op �Opeijp , O1 �O1eij1 , O2 �O2eij2 ,we can obtain new equa-
tions for the redefined density matrix elements which are found to
be identical to Eq. (2), with the interference parameter P replaced by
P¼Peif. It means the change of phase difference between couplings
fields may change the direction of the dipole moments; thus it
changes the parameter P. Therefore, the linear and nonlinear
behavior of medium can be changed via relative phase f.

Note that in the case of closely two upper levels 3j i and 4j i, the
frequency difference should be zero, i.e. o43C0. So, the time
dependent exponential terms should be identical. Eq. (2) is
obtained by using the transmissionsr43 ¼ ~r43eiðD2�D1Þte�if,
r32 ¼ ~r32e�iD2te�ij2 , r42 ¼ ~r42e�iD1te�ij1 , r31 ¼ ~r31eiðD1�D2�DpÞt

eiðf�jpÞ and r41 ¼ ~r41e�iDpte�ijp and assuming the frequency
difference (n3�n2) is small, so that e7 iðn3�n2ÞC1:

3. Analytical solution

Now, we derive analytical expressions for the first and third
order susceptibilities. In order to obtain the linear and nonlinear
susceptibilities, we need to solve the steady state solution of the
density matrix equations. Assuming that the probe field is much
weaker than the other fields, density matrix elements are

expanded as rij ¼ ~rð0Þij þ
~rð1Þij þ

~rð2Þij þ
~rð3Þij þ :::. The 0th order solution

of ~rð0Þ11 will be identical, i.e. ~rð0Þ11 ¼ 1, and other elements are set to

be zero. We consider the resonance condition, i.e. D1¼D2¼0.
Therefore, the first and third-order susceptibilities w(1) and w(3)
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Fig. 1. (a) Configuration of a four level N-type atomic system with two coherent

coupling fields, and a weak tunable probe field. (b) Dressed state configuration of

four level N-type atomic system.
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