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a b s t r a c t

Statistical analysis reveals that, given a fixed acquisition time, linewidth (and thus pO2) can be more pre-
cisely determined from multiple scans with different modulation amplitudes and sweep widths than
from a single-scan. For a Lorentzian lineshape and an unknown but spatially uniform modulation ampli-
tude, the analysis suggests the use of two scans, each occupying half of the total acquisition time. We
term this mode of scanning as dual-scan acquisition. For unknown linewidths in a range [Cmin, Cmax],
practical guidelines are provided for selecting the modulation amplitude and sweep width for each
dual-scan component. Following these guidelines can allow for a 3–4 times reduction in spectroscopic
acquisition time versus an optimized single-scan, without requiring hardware modifications. Findings
are experimentally verified using L-band spectroscopy with an oxygen-sensitive particulate probe.

� 2012 Elsevier Inc. All rights reserved.

1. Introduction

Electron paramagnetic resonance (EPR) is a spectroscopic meth-
od for the detection of species with unpaired electrons. Long data
acquisition times have limited the scope of EPR for biological stud-
ies, such as in vivo measurements of pO2 and pH.

For continuous-wave (CW) EPR, the data are collected by mea-
suring the absorption of electromagnetic radiation, usually in the
microwave range, by paramagnetic species in the presence of an
external magnetic field. For imaging applications, an additional
magnetic field in the form of a linear magnetic field gradient is ap-
plied to provide spatial encoding. Recent efforts to accelerate EPR
data collection include both hardware and algorithm develop-
ments. For example, overmodulation [1], fast scan [2], rapid scan
[3,4], pulsed EPR [5,6], parametric modeling [7], adaptive and uni-
form data sampling [8], digital detection [9–11], and multisite
oximetry [12,13] have shown potential to accelerate the acquisi-
tion process.

To improve signal-to-noise ratio (SNR), magnetic field modula-
tion is universally employed in CW EPR [14]. To increase signal
strength, the magnetic field modulation amplitude (Bm) is often
set to three or four times the half-width half-maximum (HWHM)
linewidth (C) expected to be measured in the experiment. In pre-
vious work, we have demonstrated how to set Bm and the sweep
width (DB) for increased sensitivity when performing a single-scan
[15].

In this study we ask the following question: can a fixed scan
time be split into multiple scans with various modulation ampli-
tudes and sweep widths to provide more informative measure-
ments than a single-scan? By way of analogy, what can we gain
by examining this spectral object from multiple perspectives?
Our primary investigative tool is the Cramér–Rao lower bound
(CRLB). Given a candidate number of scans R, the time for each
scan, and the settings for each scan, the CRLB allows us to deter-
mine how well the linewidth, C, can be estimated. The provided
bound is on the standard deviation (std.) of the estimation error:
no unbiased estimator can perform better than this.

The remainder of the paper is organized as follows: Section 2
presents the signal model and the statistical sensitivity analysis
used to optimize acquisition parameters; Section 3 briefly describes
the construction of the phantom as well as the protocols used to
collect data on an L-band spectrometer; Section 4 presents results
from both simulation and L-band oximetry experiment; Section 5
includes discussion; and Section 6 summarizes the conclusions.

2. Theory

2.1. Signal model

Our analysis relies on the following assumptions: (i) the value
of C is unknown, but resides in a known range [Cmin, Cmax]; (ii)
signal intensity d is unknown; (iii) the nth scan’s modulation
amplitude (Bm,n) is unknown, but constant over the extent of the
sample; (iv) the center field of the lineshape is known; (v) the
sweep rate is low enough to avoid the rapid-scan regime [3]; (vi)
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measurement noise is additive white Gaussian [7]; and (vii) the
lineshape is a modulation-distorted Lorentzian, as detailed below.

Note that each modulation amplitude, Bm, though nominally set
by the experimenter, is considered unknown. This is because the
actual Bm values vary slightly but unpredictably from the set value.
Also note that we have assumed the center field of the lineshape is
known. In many situations, the center field may vary slightly be-
tween scans or not be properly calibrated; numerical study as well
as lab experiments (not shown) indicate that small center field off-
sets do not significantly affect our results.

Our signal model for the modulation-distorted Lorentzian line-
shape is adapted from Robinson et al. [16] and has previously pro-
ven effective in EPR oximetry [1,15]. Because the linewidths
encountered in EPR oximetry are large compared to the ratio of
the modulation frequency to the gyromagnetic constant, distortion
due to the modulation frequency is ignored, yielding the following
model for the modulation-distorted lineshape, f:

f ðB; d;C; BmÞ ¼ Im
dBm
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and

a ¼ Bþ jC: ð3Þ

Here, B is the applied magnetic field, j is the imaginary unit, and Im
(�) represents the imaginary part of its argument.

Each scan is composed of Mn successive samples taken at uni-
form intervals across the field scan. The measured data for scan
n 2 {1, . . . , R} is then given by

Yi;n ¼ f ðBi;n; d;C;Bm;nÞ þ
Nffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Tn=Mn
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where

Bi;n ¼
iDB;n

Mn � 1
� DB;n
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and N is additive white Gaussian noise with standard deviation rN.
Tn is the time spent on scan n: T1 + � � � + TR must equal T, the total
time of the experiment. The penalty for spending less time on a
given scan is to either increase the noise in each sample of the scan
or to decrease the number of samples in the scan. Fig. 1 shows an

example of two simulated equal-time scans with different modula-
tion amplitudes and sweep widths.

Let ~h ¼ ½d;C;Bm;1; . . . ;Bm;R� denote a list of R + 2 unknown
parameters. Once the scan parameters are selected, noisy measure-
ments ~Yn ¼ ½Y0;n; . . . ;YMn�1;n � are collected (either by simulation or
by experiment), and the unknown linewidth is estimated by a
weighted least-squares curve fit:

b~h ¼ argmin
~h

X
i;n

Tn

Mn
ðfi;n � Yi;nÞ2: ð6Þ

Here b~h is the estimated value of ~h.

2.2. Statistical analysis

The CRLB provides a lower bound on the standard deviation of
an unbiased parameter estimator. Intuitively, if small changes in
presumed parameter values cause a small change in the fit error
of Eq. (6), then the estimation is easily corrupted by noise.
Conversely, if small changes in presumed parameter values cause
a large change in the fit error, then the estimation is more robust
to noise. This intuition is formalized by the CRLB, which can be
used as a tool for experiment design.

The CRLB is computed from the inverse of the Fisher informa-
tion matrix, I (see [17], page 378). Each scan is described by a
separate information matrix, In. For the nth scan, let pð~Ynj~hÞ be
the probability density function of the data ~Yn conditioned on
parameters~h. Then the elements of the corresponding information
matrix according to Eq. (4) are as follows:
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Here E ~Yn
½�� denotes the expectation over ~Yn. The size of the informa-

tion matrix, In, is (R + 2) � (R + 2).
Fisher information from independent experiments is additive.

When multiple scans are performed, the total information is the
sum of the information from each scan:

I ¼
X

n

In: ð8Þ

The CRLB on the standard deviation of the estimated linewidth bC is
obtained from the Fisher information as follows:

CRLBbCð~h; DB;1; . . . DB;R; T1; . . . ; TR;rNÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðI�1Þ2;2

q
: ð9Þ

Given a range [Cmin, Cmax], the goal is to determine the number of
scans, R, and the corresponding parameters Bm,1, . . . , Bm,R, DB,1, . . . ,
DB,R, T1, . . . , TR that minimize the average CRLBbC across [Cmin, Cmax].
To this end, for a candidate number of scans, R, and a fixed range
[Cmin, Cmax], we exhaustively numerically search for the R modula-
tion amplitudes, R sweep widths, and R scan times to minimize the
average CRLBbC . For the sake of comparison, parameters for single-
scan acquisition (i.e., R = 1) were also optimized to minimize the
average CRLBbC .

3. Material and methods

In this section, we describe the construction of oxygen-sensitive
phantoms. We also outline the data acquisition protocols used for
L-band oximetry.

Fig. 1. Two equal-time (T1 = T2) scans may be more informative than a single-scan.
A HWHM linewidth of 0.4 G is depicted here, with d = 10, rN = 1, and Mn = 1024.
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