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Abstract

The dynamics of 23Na during completely balanced steady-state free precession (SSFP) have been studied in numerical simulations and
experiments. Results from both agree well. It is shown that during SSFP multiple quantum coherences are excited and that their exci-
tation affects the observable signal. The signal response to the sequence parameters (flip angle, TR, and RF pulse phase cycle) shows a
structure which can not be described by the Bloch equations. Due to excitation of T̂ 31ðs; aÞ, the amplitude ratio of the fast and slowly
decaying components deviates from 3:2 and is a function of the sequence parameters. The results shown here represent a basis for the
implementation and optimization of 23Na-SSFP imaging sequences.
� 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Steady-state free-precession (SSFP) methods [1] have
found widespread application in 1H magnetic resonance
imaging due to their high signal-to-noise ratio (SNR) and
interesting contrast properties [2]. Since the first report of
SSFP imaging in 1986 [3], improvements in scanner hard-
ware, in particular, gradient stability, better shim algorithms
and better RF phase stability, have resolved most of the ini-
tial shortcomings. An important question to be considered is
whether the advantages of SSFP methods can be used for
imaging and spectroscopy with X-nuclei as well. The use of
SSFP chemical shift imaging with 31P has been demonstrated
[4]. Another X-nucleus to be considered is 23Na.

23Na plays an important role in applications of biology,
chemistry, and medicine. For instance, sodium has been pro-
posed as a means to measure tissue viability and to detect
myocardial infarction [5–8]. In this context, a TrueFISP
sequence has been previously used to obtain 23Na MR
images of the heart [5]. Other important applications are

the characterization of cartilage [9], imaging of the kidney
[10], and brain [11], and the study of polymers in the liquid
state [12].

The mathematical framework for the description of the
magnetization vector with spin-1/2 nuclei is the Bloch
equations. Based on these, the dynamics of 1H, 31P, and
other spin-1/2 nuclei during SSFP are well understood
[1,2,13]. However, an analogous understanding is missing
for 23Na (and spin-3/2 nuclei in general). 23Na is a nucleus
with a quadrupolar moment which dominates its relaxation
characteristics. Quadrupolar relaxation causes the excita-
tion of multiple quantum coherences and biexponential
decay; these are effects which can not be described by the
Bloch equations. It is therefore obvious that with 23Na,
the SSFP dynamics are fundamentally different than with
spin-1/2 nuclei. The question addressed in this paper is,
however, whether the differences in the underlying dynam-
ics also lead to distinct differences in the observable signal.
Since this is closely related to the excitation of coherences
of rank l > 1, the question addressed is to what extent these
coherences are excited and how this depends on the
sequence parameters (TR, flip angle, and RF pulse phase
cycle). To the best of our knowledge, this issue has not been

1090-7807/$ - see front matter � 2005 Elsevier Inc. All rights reserved.

doi:10.1016/j.jmr.2005.11.008

* Corresponding author. Fax: +49 (0) 931 888 5851.
E-mail address: rakharra@physik.uni-wuerzburg.de (R. Kharrazian).

www.elsevier.com/locate/jmr

Journal of Magnetic Resonance 179 (2006) 73–84

mailto:rakharra@physik.uni-wuerzburg.de


treated before. The dynamics of spin-3/2 nuclei under peri-
odic RF irradiation and free precession have been
described before only in the context of multiple-pulse
quadrupolar echoes [14]. Other previous work has consid-
ered the clinical feasibility of SSFP methods but has
employed a spin-1/2 model [15].

The purpose of the present study was therefore to inves-
tigate the effects that occur with 23Na during SSFP. To
minimize the number of degrees of freedom, we have not
investigated the influence of imaging gradients on the spa-
tial shape of the steady-state trajectories, but have restrict-
ed ourselves to the case of completely balanced SSFP. For
reasons stated below, the investigation was done in numer-
ical simulations. Experimental data were acquired to vali-
date the model assumptions. Based on our results, we
will also discuss the application potential of SSFP
methods.

2. Theory

2.1. Tensor operator formalism

Throughout this work, the density operator r is
expressed in terms of the symmetric ðT̂ lmðsÞÞ and antisym-
metric ðT̂ lmðaÞÞ combinations of the unit tensor operators
[16]. In this representation r becomes

r ¼
X3

l¼1

Xl

m¼�l

½tlmðsÞT̂ lmðsÞ þ tlmðaÞT̂ lmðaÞ�. ð1Þ

The coefficients tlm (a) and tlm (s) are purely real- and imag-
inary-valued; therefore, magnitude and phase of a pair of
coherences T̂ lmðaÞ and T̂ lmðsÞ can be calculated from the
complex number T̂ lmðs; aÞ ¼ T̂ lmðaÞ þ T̂ lmðsÞ. The physical
meaning of the tensor operators is: average population
ðT̂ 00Þ, longitudinal magnetization and Zeeman interaction
ðT̂ 10Þ, transverse magnetization and interaction with the
RF field ðT̂ 11ðs; aÞÞ, quadrupolar polarization and static
quadrupolar coupling ðT̂ 20Þ, rank-two single quantum
coherence ðT̂ 21ðs; aÞÞ, rank-two double quantum coherence
ðT̂ 22ðs; aÞÞ, octopolar polarization ðT̂ 30Þ, rank-three single
quantum coherence ðT̂ 31ðs; aÞÞ, rank-three double quantum
coherence ðT̂ 32ðs; aÞÞ, and rank-three triple quantum coher-
ence ðT̂ 33ðs; aÞÞ. In this representation, T̂ 11ðaÞ and T̂ 11ðsÞ are
the only observable quantities; they correspond to x- and
negative y-magnetization, respectively. T̂ 21ðs; aÞ and
T̂ 31ðs; aÞ are not directly observable but partly evolve into
observable T̂ 11ðs; aÞ through quadrupolar relaxation.

The spin Hamiltonian consists of a Zeeman term (HX), a
term expressing the interaction with the radio frequency
magnetic field (HP), and a term which takes quadrupolar
interaction into account (HQ):

H ¼ HX þ H P þ HQ. ð2Þ

In the Larmor frequency (x0) rotating frame, the Zeeman
term and the term for an RF pulse applied along the y-axis
are [16]

HX ¼ ðcB� x0Þ
ffiffiffi
5
p

T̂ 10 ¼ x
ffiffiffi
5
p

T̂ 10; ð3Þ

HP ¼ x1

ffiffiffi
5
p

T̂ 11ðsÞ. ð4Þ

B is the magnetic field at the location of the nucleus. The
quadrupolar interaction term consists of a static part

HQS ¼ xQT̂ 20; ð5Þ
which causes a shift of the energy levels [17], and a fluctu-
ating part, which gives rise to relaxation [17,18]. The latter
part is not explicitly stated here since it involves a more
complex treatment [18]. The formalism for calculating the
evolution of r in the presence of the above-mentioned
interactions has been derived before [16–19,22] and will
not be described here in detail.

For practical reasons, all coherences are summarized in
a 15-element vector:

r ¼fT̂ 10; T̂ 11ðsÞ; T̂ 11ðaÞ; T̂ 20; T̂ 21ðsÞ; T̂ 21ðaÞ;
T̂ 22ðsÞ; T̂ 22ðaÞ; T̂ 30; T̂ 31ðsÞ;
T̂ 31ðaÞ; T̂ 32ðsÞ; T̂ 32ðaÞ; T̂ 33ðsÞ; T̂ 33ðaÞgT. ð6Þ

Due to the linear nature of the tensor operator formalism,
an evolution of the density operator can be expressed in
terms of matrix operations (matrices M are noted here in
boldface). Thus, Larmor precession (or chemical shift) by
an angle u is expressed as

r! XðuÞr. ð7Þ
An RF pulse with flip angle a irradiated along the y-axis is
written as

r! PðaÞr; ð8Þ
while an RF pulse applied along an arbitrary axis in the xy-
plane, forming an angle u with the y-axis, takes the form

r! XðuÞPðaÞXð�uÞr ð9Þ
It has been assumed here that the RF pulse is sufficiently
short and strong, such that off-resonance effects and effects
due to relaxation can be neglected. Finally, quadrupolar
relaxation is expressed as

r! RðxQ; tÞ½r� r0� þ r0. ð10Þ
Here X, P, and R are 15 · 15 matrices; their explicit form is
given in Appendix A. r0 ¼ f

ffiffiffi
5
p

; . . . ; 0gT is the equilibrium
magnetization.

2.2. Density operator in a balanced SSFP sequence

An SSFP sequence (Fig. 1) consists of an arbitrarily long
train of short, phase coherent RF pulses (flip angle a, phase
u) separated by an interpulse delay TR, during which Lar-
mor precession and quadrupolar relaxation determine the
evolution of the spin system. u may progress linearly with
the number n of RF pulses, un = n Æ Du. The effects of Lar-
mor precession between two consecutive RF pulses and the
phase increment Du can be summarized in a single
parameter,
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