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Attractive interaction between macroanions mediated by divalent cations is studied using an Ornstein–Zernike
equation with hypernetted-chain closure. The calculated results indicate that the divalent cations mediate the
strong attraction and that this attractive force is much stronger than that mediated by monovalent cations. In
this article, we shed light on effects of the co-existing of monovalent cations because the attractive interaction
mediated by multivalent cations is observed in various biological fluids that also contain monovalent cations.
When the system also contains monovalent cations, they suppress the attraction mediated by the divalent cat-
ions. However, the attraction remains and the reentrant behavior of attraction appears due to the exchange of
attraction-mediating divalent cations formonovalent cations if the charge of themacroanions is sufficiently large.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

Strong effective attraction between like-charged macroions is often
observed in biological systems, such as in the assembly of G-actins
[1–11]. Many such biological systems exhibit reentrant behaviors. For
example, acidic proteins are negatively charged and the effective inter-
action between them changes from repulsive to attractive interaction if
multivalent cations are added to the system; the proteins aggregate
with each other. This attraction mysteriously disappears when more
multivalent cations are added. Similar reentrant behaviors have been
observed with the coil–globule transition of DNA [4–9].

Various theoretical studies on the attractive interactions caused by
countercharged ions have been reported [12–34]. After the pioneering
works of Oosawa [12] and of Manning [13], this attraction has been
studied on the basis of molecular picture. The molecular picture of the
attraction was shown using an integral equation theory in 1980 [16]
and some studies by integral equation theories with molecular picture
were carried out [17,18,25,26,28,33,34]. Molecular simulation studies
also showed this attraction [19–24,27]. These theoretical studies con-
firmed the existence of the attraction between like charged particles
mediated by counter ions, and Wu and coworkers suggested that
DLVO theory [35,36] and Sogami–Ise theory [37] fail to describe this
attractions [22,23].

Akiyama and Sakata studied the effective interaction between two
like-charged macroions immersed in an electrolyte solution using an
Ornstein–Zernike equation with hypernetted-chain closure (HNC-OZ
theory), because of thedifficulty of adequate simulations for the electro-
lyte concentration dependence. Conditions under which the Coulomb
interaction was greater than the thermal energy were examined.
Some calculated results [16,23] have shown non-monotonic behaviors
on the electrolyte concentration dependence. In our previous results,
the reentrant behavior [33,34] clearly appeared in dependence of inter-
action on the concentration of counter charged ion. Although the
cations of the electrolyte solution were monovalent, they mediated
the attractive interaction. Itwas because the charges of themacroanions
were sufficiently large.

In the previous studies [33,34], the calculated results were basically
consistent with the experimental results, with the exception of cation
charges. It follows that calculated results are reasonable to discuss the
related behaviors in biological systems. Experimental results have
indicated that strong attraction is induced when multivalent cations
are added. For example, ions such as Y3+, and Fe3+ effectively induce
attractions between various acidic proteins. For the assembly of ATP-
bounded G-actins, the structural analyses indicated that the attractions
between G-actins were mediated by Mg2+ ions [38]. Therefore, in the
present study, we confirm that multivalent cations mediate the strong
attractive interactions. We also examine the effects of co-existing
monovalent cations, because in vivo systems contain so many monova-
lent cations such as Na+. Ringer's solution, which is an artificial physio-
logical solution, contains 151 mM monovalent cations and 3.0 mM
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divalent cations. The present study could be important to understand a
degenerative cartilage disease [39].

2. Model

We calculated the effective interaction, i.e. the potential of mean
force, between two macroanions immersed in an electrolyte solu-
tion. The system contained only two macroanions. So, we studied a
dilute limit for the macroanions. The electrolyte solution consisted
of solvent molecules, monovalent cations, divalent cations, and
monovalent anions. The solvent molecules were modeled as hard
spheres with a diameter equal to that of water, σS = 2.8 Å, where
subscript S denoted the solvent molecule. Charged hard spheres
were adopted as ions. The diameter of the macroanions was σM =
6 × 2.8 Å= 16.8 Å and the charge was QM, where subscript M denot-
ed the macroanion. The sizes of other ions were the same as that of
solvent molecule.

The potential of mean force between macroanions depends on the
number density of ions ρi, i = C1, C2, A, where a monovalent cation, a
divalent cation, and a monovalent anion are denoted as C1, C2, and A,
respectively. We examined the dependence of the potential of mean
force on the density of cations ρCi

under electroneutrality conditions
(ρC1

þ 2ρC2
−ρA ¼ 0). In this study, the total packing fractionwasmain-

tained at 0.383, which is the packing fraction of water. The temperature
was set to 298 K.

3. Method

The Ornstein–Zernike (OZ) equation

hij r12ð Þ ¼ cij r12ð Þ þ
X

l¼S;C1;C2 ;A

ρl

Z
cil r13ð Þhlj r23ð Þdr3 ð1Þ

coupled with the hypernetted-chain (HNC) closure

hij rð Þ ¼ exp
−uij rð Þ
kBT

þ hij rð Þ−cij rð Þ
� �

−1 ð2Þ

is solved to obtain the correlation functions. Here, rij (i, j= 1,2,3) is the
vector separation between ri and rj. cij(r), hij(r), gij(r), uij(r) are the
direct correlation function, the total correlation function, the radial
distribution function, and direct pair potential between particles i
and j (i, j, l = S, C1, C2, A, M), respectively. There is a relation gij(r) =
hij(r) + 1. ρi is the number density of i. kB is the Boltzmann constant,
and T is temperature.

The effective interactions are obtained on the basis of the correlation
functions. The details of the calculations have been described elsewhere
[33,34,40–46]. The potential of mean force between macroanions Φ(r)
is obtained as

Φ r12ð Þ ¼ −kBTln hMM r12ð Þ þ 1½ �
¼ uMM r12ð Þ−kBT∑l¼S;C1 ;C2 ;A

ρl∫cMl r13ð ÞhlM r23ð Þdr3;
ð3Þ

where uMM(r) is the pair potential between macroanions. We discuss
the dimerization free energy of macroanions, ϵ, which is the stability
of the contact dimer formed from macroanions: i.e., ϵ is defined as

ϵ ¼ Φ σMð Þ: ð4Þ

Because the counter charged small ions were found to mediate the
attraction between like-charged macroions in our previous study, the
estimation of the number of mediators, Ni appears to be an important
parameter. Ni is defined as

Ni ¼ ∭
A
ρig

3Dð Þ
M1 ;M2 ;i

x; y; zð Þdxdydz; ð5Þ

where g 3Dð Þ
M1 ;M2 ;i

x; y; zð Þ is the three-dimensional (3D) reduced density

profile of particle i (i = C1, C2), in the case where the pair of
macroanions is located at (x,y,z)= (−8.4,0,0) and (8.4,0,0), respective-
ly. Here M1 and M2 denote two macroanions. The surface between the

macroanions is equal to 0 Å (r = σM). The 3D profile g 3Dð Þ
M1 ;M2 ;i

x; y; zð Þ
was calculated using a typical radial–symmetrical distribution function
with a Kirkwood superposition approximation [47]. This approximation
is given by the following equation:

g 3Dð Þ
M1 ;M2 ;i

x; y; zð Þ∼gM1 ;i
x; y; zð Þ � gM2 ;i

x; y; zð Þ; ð6Þ

where gM j ;i
x; y; zð Þ ( j = 1,2) is the 3D reduced density distribution of

cations i near the j-th macroanion. This 3D distribution gM j ;i
x; y; zð Þ is

calculated using the radial distribution function, gMi(r), consistent
with the radial–symmetrical HNC-OZ theory.

A schematic diagram of volume A for the integral is shown in Fig. 1.
R1st is defined as the distance r at the firstminimumofgMC2

rð Þ (Fig. 1(a),
(b)). The inner and outer surfaces of the first coordination shell are de-
fined by spheres with radii σM þ σC2

� �
=2 and R1st, respectively. Thus,

the first coordination shell is the region between the dotted and dashed
lines in Fig. 1(c). Volume A is defined as the overlap region of two first
coordination shells generated by the contact macroanions M1 and M2.
It is represented by the black region in Fig. 1(d).

4. Results & discussions

Fig. 2 shows the dependence of the dimerization free energy
of macroanions on cation concentration. When the charge of the
macroanion is−6 e, the half-valent andmonovalent cations cannotme-
diate the effective attraction betweenmacroanions. However, the dimer
becomes more stable, as the charge of the cation increases. A stable
dimer appears when the cation charge is greater than 1.5 e. Although
the macroanions repel each other in a dilute electrolyte solution
(approximately 1 × 10−6 M), a strong effective attraction between
the macroions appears at medium concentration (approximately
1 × 10−3 M for +1.5 e cations, approximately 1 × 10−4 M for +2 e
cations). The contact dimer of the macroanions only becomes stable at
such medium concentrations. The stability (~10 kBT for +1.5 e cations
and ~90 kBT for +2 e cations) is much greater than the thermal energy.
However, this attraction disappears at higher electrolyte concentra-
tions. Therefore, the system exhibits the reentrant behavior.

Wu et al. also studied the attraction between like-charged colloidal
spheres in electrolyte solutions [22,23]. Those were molecular simula-
tion studies, and the concentration of electrolyte cs is about 0.1 M. In
their calculation, cs = 0.5 M, the monovalent counter charged ions did
not mediate the attraction between like-charged colloidal spheres, and
the divalent counter charged ions mediated the attraction [22]. Our re-
sults calculated by using the integral equation theory can be compared
to their simulation data. In our results, the attraction mediated by cat-
ions does not appear in the solution whose cation concentration is
about 0.5 M, even if the counter charged cations are divalent. Because
our model has solvent particles, most of the weak attraction at 0.5 M
in Fig. 2 is arising from the translational motion of solvent molecules
[48–54]. The concentration 0.5 M is too high if it corresponds to the
strong attraction mediated by counter charged ions in our model (See
Fig. 2). Those results look like a qualitative difference. However, −6 e
and−10 e are examined as the charge of macroanion in our calculation
and the charge of macroion for the simulation, −20 e, is much larger
than them. As the charge of macroanion becomes larger, the attraction
increases. Because the size of macroions (σ = 20 Å) in the simulation
is similar to the size of our model (σ = 16.8 Å), the above difference
in the effective attraction could be reasonable. To clarify this problem
we will examine the calculation on the basis of similar model in our
future study.
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