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22In this paper, forced-convection boundary-layer ofMHDAl2O3–water nanofluid flow over a horizontal stretching
23flat plate is investigated using Homotopy Analysis Method (HAM) and fourth order Runge–Kutta numerical
24method. Comparison between HAM and numerical method shows that HAM is an exact and high efficient method
25for solving these kinds of problems. The influence of the nanofluid volume fraction (φ) and magnetic parameter
26(Mn) onnon-dimensional temperature and velocity profiles is investigated. As an important outcome, by increasing
27Mn number, thermal boundary layer thickness significantly increased but increasing the nanofluid volume fraction
28hasn't very sensible effect on it.
29© 2013 Published by Elsevier B.V.
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34 1. Introduction

35 Most scientific problems in fluid mechanics and heat transfer
36 problems are inherently nonlinear. All these problems and phenomena
37 are modeled by ordinary or partial nonlinear differential equations.
38 Most of these described physical and mechanical problems are with a
39 system of coupled nonlinear differential equations. For an example
40 heat transfer by natural convection which frequently occurs in many
41 physical problems and engineering applications such as geothermal
42 systems, heat exchangers, chemical catalytic reactors and forced con-
43 vection of a nanofluid flow on a horizontal plate has a systemof coupled
44 nonlinear differential equations for temperature and stream function
45 distribution equations which can be solved by analytical methods
46 such as Homotopy Perturbation Method (HPM) [1].
47 Nanofluid,which is amixture of nano-sized particles (nanoparticles)
48 suspended in a base fluid, is used to enhance the rate of heat transfer via
49 its higher thermal conductivity compared to the base fluid. Soleimani
50 et al. [2] studied natural convection heat transfer in a semi-annulus
51 enclosure filled with nanofluid using the Control Volume based Finite
52 Element Method. They found that the angle of turn has an important
53 effect on the streamlines, isotherms and maximum or minimum values
54 of local Nusselt number. Natural convection of a non-Newtonian copper-
55 water nanofluid between two infinite parallel vertical flat plates is inves-
56 tigated by Domairry et al. [3]. They conclude that as the nanoparticle

57volume fraction increases, the momentum boundary layer thickness
58increases, whereas the thermal boundary layer thickness decreases.
59Sheikholeslami et al. [4] performed a numerical analysis for natural
60convection heat transfer of Cu-water nanofluid in a cold outer circular en-
61closure containing a hot inner sinusoidal circular cylinder in presence of
62horizontal magnetic field using the Control Volume based Finite Element
63Method. Recently Sheikholeslami et al. [5] studied heat transfer of
64nanofluids in porous channels in the presence of magnetic field, also
65Aziz et al. [6] investigated the steady boundary layer free convection
66flow past a horizontal flat plate embedded in a porous medium filled by
67a water-based nanofluid containing gyrotactic microorganisms.
68The term of Magnetohydrodynamic (MHD) was firstly introduced by
69Alfvén [7]. The theory ofMagneto hydro dynamics is inducing current in a
70moving conductive fluid in the presence of magnetic field; such induced
71current results force on ions of the conductive fluid. The theoretical study
72of (MHD) channel has been a subject of great interest due to its extensive
73applications in designing cooling systemswith liquidmetals,MHDgener-
74ators, accelerators, pumps and flowmeters [8].
75In recent years, much attention has been devoted to the newly
76developed methods to construct an analytic solution of equation; such
77methods include the Adomian decompositionmethod [9]; Perturbation
78techniques are too strongly dependent upon the so-called “small pa-
79rameters” [10]. Thus, it is worthwhile developing some new analytic
80techniques independent upon small parameters. Q3Homotopy Analysis
81Method (HAM), which was expected by Liao [11–13], has been applied
82to solve many types of nonlinear problems successfully [14–17].
83The main motivation of this paper is to solve a two-dimensional
84forced-convection boundary-layer MHD problem in the presence of a
85magnetohydrodynamic (MHD)field over a horizontalflat plate including
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86 the viscous dissipation term using the HAM. The main advantage of this
87 study is using an analytical method which does not need any small
88 parameter and obtained results are compared with the numerical results
89 which confirm the high accuracy of the applied method furthermore the
90 effect of some parameters appeared in the mathematical formulation on
91 stream function and temperature profile is investigated.

92 2. Description of the problem

93 Consider the two-dimensional forced convection boundary layer
94 with variable magneto hydrodynamics (MHD) field of an incompress-
95 ible flow including nanoparticles over a horizontal surface (see Fig. 1).
96 By using boundary layer approximation and considering viscous dissi-
97 pation term, the simplified two-dimensional equations governing the
98 flow in the boundary layer of a steady, laminar, and incompressible
99 flow are [1]:

∂u
∂x þ

∂v
∂y ¼ 0; ð1Þ

100101

u
∂u
∂x þ v

∂u
∂y ¼ 1

ρnf
μnf

∂2u
∂y2

−σB xð Þ2u
 !

ð2Þ

102103

u
∂T
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∂T
∂y ¼ αnf

∂2T
∂y2

þ μnf

ρCp

� �
nf

∂u
∂y

� �2

ð3Þ

104105 where u and v are the x and y components of velocity respectively, σ is
106 the electrical conductivity, B(x) is the variable magnetic field acting in
107 the perpendicular direction to the horizontal flat plate, μnf and ρnf are
108 the viscosity and the density of the nanofluid respectively and αnf is
109 the thermal diffusivity and (ρCp)nf is the heat capacitance of the
110 nanofluid. The appropriate physical boundary conditions are defined
111 as below:

u ¼ uw ¼ bxm; v ¼ 0; T ¼ Tw ð4Þ
112113

u→0; T→T∞ ð5Þ

114115 where, uw is the x-component of velocity on the horizontal flat plate, b
116 andm are constants, and Tw and T∞ are the plate and ambient tempera-
117 tures respectively. The nanofluid properties such as the density, ρnf, the
118 dynamic viscosity, μnf, the heat capacitance, (ρCp)nf, and the thermal
119 conductivity, knf are defined in terms of fluid and nanoparticle proper-
120 ties as [18].

121ρnf ¼ 1−ϕð Þρ f þ ϕρs ð6Þ
122123

μnf ¼
μ f

1−ϕð Þ2:5 ð7Þ

124125

knf
k f

¼
ks þ 2kf−2ϕ kf−ks

� �
ks þ 2kf þ 2ϕ kf−ks

� � ð8Þ

126127
ρCp

� �
nf

¼ 1−ϕð Þ ρCp

� �
f
þ ϕ ρCp

� �
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ð9Þ
128129

αnf ¼
knf

ρCp

� �
nf

ð10Þ

130131where, ρf is the density of fluid, ρs is the density of nanoparticles, ϕ is
132defined as the volume fraction of the nanoparticles, μf is the dynamic
133viscosity of fluid, (ρCp)f is the thermal capacitance of fluid, (ρCp)s is
134the thermal capacitance of nanoparticles and kf and ks are the thermal
135conductivities of fluid and nanoparticles respectively. The variable
136magnetic field is defined as [19,20]:

B xð Þ ¼ B0 x
m−1
2

� �
ð11Þ

137138where B0 andm are constant. The following dimensionless similarity
139variable is used to transform the governing equations into the ordinary
140differential equations;

η ¼ y
x
Rex

1=2 ð12Þ
141142

Rex ¼
ρ f uw xð Þ

μ f
x: ð13Þ

143144
145The dimensionless stream function and dimensionless temperature
146are defined as:

f ηð Þ ¼ ψ x; yð Þ Rexð Þ1=2
uw xð Þ ð14Þ

147148

θ ηð Þ ¼ T−T∞
Tw−T∞

ð15Þ

149150where the stream function ψ(x,y) is defined as:

u ¼ ∂ψ
∂y ; v ¼ −∂ψ

∂x : ð16Þ
151152
153By applying the similarity transformation parameters, themomentum
154equation (Eq. (2)) and the energy equation (Eq. (3)) can be rewritten as
155[1]:

f ‴ þ 1−ϕð Þ þ ϕ
ρs

ρ f

 ! !
1−ϕð Þ2:5 mþ 1

2

� �2
f f ″

− 1−ϕð Þ þ ϕ
ρs

ρ f

 ! !
1−ϕð Þ2:5 mð Þ f ′2− 1−ϕð Þ2:5Mn

� �
f ′ ¼ 0

ð17Þ

156157

θ″ þ 1−ϕð Þ þ ϕ
ρCp

� �
s

ρCp

� �
f

0
B@

1
CAPr f θ′ þ EcPr

1−ϕð Þ2:5 f ″
2 ¼ 0: ð18Þ

158159
160Therefore, the transformed boundary conditions are:

f ′ 0ð Þ ¼ 1; f 0ð Þ ¼ 0; f ′ ∞ð Þ ¼ 1
θ 0ð Þ ¼ 1; θ ∞ð Þ ¼ 0:

ð19Þ
161162

Fig. 1. Schematic of the nanofluid boundary layer on a horizontal plate in the presence of
magnetic field.
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