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a b s t r a c t

We propose measurements of v ;Nð Þ ¼ 0;0ð Þ ! ð1;0Þ transition frequencies of alkali earth–alkali diatomic
molecules and alkali earth-hydride molecular ions. We show that the vibrational transitions considered
here are useful for detecting a possible variation in the proton–electron mass ratio, possibly at the 10�16

sensitivity level. In the experiments, cold alkali earth–alkali molecules, obtained by binding cold atoms or
by molecular laser cooling, are trapped by laser light at a frequency, at which the Stark shift is eliminated.
Alkali earth-hydride molecular ions are sympathetically cooled with another ion to form a string crystal
at the position, at which the electric field is zero. The vibrational transitions are observed by the Raman
transition induced by two lasers with frequencies, at which the Stark shift is eliminated.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

Since Dirac’s 1937 formulation of the large number hypothesis
that aimed to tie together the fundamental constants of physics
[1], researchers have been interested in testing whether these con-
stants are indeed fixed over time and space. Webb et al. and Beren-
gut and Flambaum showed that the variation in the fine-structure
constant a observed in quasars depends on not only the distance
(time) but also the angle between the observer and the Australian
dipole [2]. Rosenband et al. measured the ratio of the 27Al+ 1S0–3P0

and 199Hg+ 2S1/2–2D5/2 transition frequencies and determined the
variation in a to be �1:6� 2:3ð Þ � 10�17=year [3].

It is also useful to test the variation in the proton-to-electron
mass ratio mp=me because the ratio of variations in a and mp=me

is important for a grand unification theory [4]. Molecular transition
frequencies are useful for detecting the variation in mp=me, because
vibrational and rotational transition frequencies are approximately

proportional to mp=me
� ��1=2 and mp=me

� ��1, respectively. Van
Weerdenburg et al. observed the variation in mp=me from the tran-
sition frequencies of H2 molecules in the quasar source J2123-005
(z ¼ 2:059, corresponding to 10.5 billion light-years) using ESO-
VLT (Paranal, Chile) and the Keck telescope (Hawaii) and obtained
the results of D mp=me

� �
= mp=me
� �

¼ 8:5� 3:6stat � 2:2syst
� �

� 10�6

and 5:6� 5:5stat � 2:9syst
� �

� 10�6, respectively [5]. In addition,
Bagdonaite et al. compared the transitions of CH3OH molecules
from PKS1830-211 (z ¼ 0:89, corresponding to 7 billion light years)
with those measured in a laboratory and obtained the result
D mp=me
� �

= mp=me
� �

¼ 0� 1ð Þ � 10�7 [6].
To distinguish the spacial and temporal variations in fundamen-

tal constants, laboratory measurements are also required. The upper
limit of 10�16=years for the variation in a parameter that depends on
both mp=me and a has been obtained by measuring the ratio be-
tween the atomic transition frequencies in the optical region and
Cs hyperfine frequency [7–10]. To measure the pure variation in
mp=me, it is preferable to compare frequencies of molecular transi-
tions with those of atomic transitions, whose dependence on a
and mp=me are negligibly small (e. g., the 1S0–3P0 transition frequen-
cies of the 27Al+ ion [3] or 87Sr atom [11,12]). The molecular transi-
tion to be measured should be chosen after considering both
sensitivity to mp=me

� �
and accuracy of the measurement. Several

authors have presented molecular transition frequencies with sig-
nificantly higher sensitivities to mp=me than to pure vibrational or
rotational transition frequencies [13–15]. However, those transi-
tions are difficult to measure with an uncertainty lower than 10�14.

In this study, we discuss methods for characterizing the varia-
tion in mp=me

� �
by measuring the vibrational transition frequen-

cies of XY molecules in an optical lattice or XH+ molecular ions
in a string crystal with uncertainties lower than 10�16. Here, X de-
notes even isotopes of alkali earth atoms (174Yb, 88Sr, and 40Ca) and
Y denotes alkali atoms (H, 6Li, and 23Na) [16–24].
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2. Possibility to test the variation in mp=me

A test for the variation in mp=me
� �

is possible when

Dfc

fc

����
���� ¼ k

D mp=me
� �
mp=me
� �

�����
����� >

dfc

fc
; ð1Þ

is satisfied, where Dfc is the variation in the transition frequency fc

induced by the variation in mp=me
� �

; D mp=me
� �

, and dfc is the mea-
surement uncertainty of fc . The parameter k demonstrates the sensi-
tivity of fc to mp=me

� �
, where k ¼ �0:5 for a pure harmonic vibration.

This study shows that the XnR v;Nð Þ ¼ 0;0ð Þ ! 1;0ð Þ transition fre-
quencies fc of XY molecules n ¼ 2ð Þ or XH+ molecular ions n ¼ 1ð Þ
can be measured with an uncertainty below 10�16, therefore, the var-
iation in mp=me

� �
on the order of 2� 10�16 can be detected. Here v

and N denote the quantum numbers for the vibration and rotation,
respectively.

Table 1 lists values of fc and k for XY molecules and XH+ molec-
ular ions, obtained by ab initio calculations [25–28] (measure-
ments for 40CaH [29]). In addition, the natural linewidths fN are
listed for 40CaH and XH+ transitions, which are larger than 1 Hz.
The natural linewidths of X6Li and X23Na molecules are less than
10 mHz, and spectral linewidths are obtained from probe laser
linewidths, whose lower limit is currently 40 mHz [30]. The uncer-
tainty in the frequency is given by the frequency shifts shown
below.

2.1. Zeeman shift

In general, energy eigen-states W ¼ X2Sþ1R v;N; J; F;MFð Þ
ð J
!¼ S

!þ N
!
; F
!¼ J

!þ Ri Ii
!� �

are given by

W ¼ Ramw MS mð Þ;MN mð Þ;MIi
mð Þ

� �
;

MF ¼ MS mð Þ þMN mð Þ þ RMIi
mð Þ;

�Q 6 MQ 6 Q Q ¼ S;N; Ii; F ð2Þ

where S, and Ii denote the quantum numbers of electron spin and
nuclear-spin of the i-th nucleus, respectively. MQ denotes the com-
ponent of Q ¼ S;N; Ii; Fð Þ parallel to the magnetic field. The Zeeman
energy shift induced by the magnetic field B at W is given by

EZ Wð Þ ¼ hlBB gS Wð Þ MS Wð Þh i þ gN Wð Þ MN Wð Þh i þ RigIi Wð Þ MIi Wð Þh i½ �;

MQh i ¼ R amj j2MQ mð Þ; ð3Þ

where lBð¼ 1:4 MHz=GÞ denotes the Bohr magneton and gQ denotes
the g-factor of Q gS ¼ 2:003 and gN and gI are of the orderð

of 10�3Þ. In general, am depends on B, and the Zeeman shift is non-
linear. For a low magnetic field, the Zeeman shift is approximately
given by

EZ Wð Þ=h ¼ C1Bþ C2B2; ð4Þ

where C1 and C2 are the first and second order Zeeman coefficients,
respectively. C1 is given by am with B ¼ 0 and C2 is given by the fine
and hyperfine splittings, which depend on the vibrational–rota-
tional states. However, for stretched states (defined by
F ¼ Sþ N þ Itot; M ¼ �F, where Itot ¼ RiIi), MQh i are all determined
to be �Q and EZ is strictly proportional to B. The Zeeman shift in
the transition frequency between the a and b states is given by.

dfZ Wa;Wbð Þ ¼ EZ Wað Þ � EZ Wbð Þ
h

: ð5Þ

When both a and b states are stretched states with the same values
of ðS;N; Ii; F;MFÞ, the Zeeman shift in the transition frequency is
given by

dfZ Wa;Wbð Þ ¼ lBB S gS Wað Þ � gS Wbð Þð Þ þ N gN Wað Þ � gN Wbð Þð Þ½
þRiIi gIi Wað Þ � gIi Wbð Þð Þ�: ð6Þ

Here, we consider the molecules (neutral or ion) in the 1R state.
Then

EZ Wð Þ ¼ hlBB gN Wð Þ MN Wð Þh i þ RigIi
Wð Þ MIi

Wð Þ
� �� �

: ð7Þ

For the N; F;MFð Þ ¼ 0; Itot ;�Itotð Þ state,

EZ Wð Þ ¼ �hlBBRigIi
Wð ÞIi: ð8Þ

Actually, gI v ¼ 1ð Þ � gI v ¼ 0ð Þj j=gI v ¼ 0ð Þ is estimated to be on the
order of 10�7 [24], and dfZ for the v;N; F;Mð Þ ¼ 0;0; Itot; Itotð Þ !
1; 0; Itot; Itotð Þ transition is proportional to B with a coefficient on

the order of 0.1 mHz/G. Because gN and gN v ¼ 1ð Þ � gN v ¼ 0ð Þj j=
gN v ¼ 0ð Þ are on the order of 10�3 and 10�2, Zeeman coefficients
for the 0;0; Itot; Itotð Þ ! 1;1; Itot þ 1; Itot þ 1ð Þ and 0;1; Itot þ 1; Itotþð
1Þ ! 1;1; Itot þ 1; Itot þ 1ð Þ transition frequencies are on the order
of 1 kHz/G and 10 Hz/G, respectively.

This estimate for the Zeeman shift in the transition frequency
between stretched states is valid also for molecules in the 2R state,
because gS does not depend on the vibrational state. For molecules
in the nR state n P 3ð Þ, the spin–spin interaction couples the
N;MN;MSð Þ ¼ 0;0; Sð Þ state with 2;0; Sð Þ; 2;1; S� 1ð Þ, and
2;2; S� 2ð Þ states and gS has a slight dependence on the vibrational

state. Therefore, dfZ=B in the v ;N; F;Mð Þ ¼ 0; 0; Sþ Itot ; Sþ Itotð Þ !
1;0; Sþ Itot ; Sþ Itotð Þ transition frequency is significantly larger

than those for molecules in the 1R and 2R states (> 1 Hz/G) [16].
The v ;N;F;MFð Þ¼ 0;0;ItotþS;� ItotþSð Þð Þ! 1;0;ItotþS;� ItotþSð Þð Þ

transition frequencies of molecules in the 1R or 2R states are highly
advantageous for measurements without significant Zeeman shifts.
Moreover, the MF ¼�F!�F transitions are not resolved when
B<104 G and the overlapped spectrum has no Zeeman shift. The
electronic ground states of alkali earth–alkali diatomic molecules
and molecular ions are 2R and 1R states, respectively. Since X
atoms (X: even isotope of alkali earth atoms) have no nuclear-spin,
Itot ¼ IY for XY molecules, where IY denotes the nuclear-spin of Y
atoms (Y = H IH ¼ 1=2ð Þ, 6Li ILi ¼ 1ð Þ, 23Na INa ¼ 3=2ð Þ, or 87Rb
IRb ¼ 3=2ð Þ). The alkali earth–alkali earth diatomic molecules in

the N ¼ 0 state have no Zeeman shift.
Table 2 lists the Zeeman coefficients for the X2R v ;N; F;MFð Þ ¼

0;0; IY þ 1=2; IY þ 1=2ð Þ ! 1;0; IY þ 1=2; IY þ 1=2ð Þ transition fre-
quencies of 174Yb6Li, 88Sr6Li, 40Ca6Li, 88Sr23Na, 40Ca23Na, 88Sr87Rb,
and 40CaH molecules and X1R v;N; F;MFð Þ ¼ 0;0;1=2;1=2ð Þ !
1;0;1=2;1=2ð Þ transition frequencies of 40CaH+, 88SrH+, and

174YbH+ molecular ions.

Table 1
ðv ; NÞ ¼ ð0;0Þ ! ð1;0Þ transition frequency fc; j demonstrating the sensitivity of fc on
ðmp=meÞ expressed as fc / ðmp=meÞj; and natural linewidth fN for 174Yb6Li, 88Sr6Li,
40Ca6Li, 88Sr23 Na, 40Ca23Na, 88Sr87Rb, and 40CaH molecules in the X2

j state and
40CaH+, 88SrH+, and 174YbH+ molecular ions in the X1

j state.

fc THzð Þ k fN Hzð Þ
174Yb6Li[21] 4:17 �0:47 < 0:01
88Sr6Li[23] 5:06 �0:48 < 0:01
40Ca6Li[23] 5:77 �0:47 < 0:01
88Sr23Na 2:29 �0:56 < 0:01
40Ca23Na 2:57 �0:48 < 0:01
88Sr87Rb 0:802 �0:47 < 0:01
40CaH 37:8 �0:49 7:5
40CaH+[19] 43:2 �0:49 2:5
88SrH+[19] 40:3 �0:49 4:0
174YbH+[19] 43:5 �0:48 1:5
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