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a b s t r a c t

This paper addresses the applications of the improved representation method of DNA sequences based on
symbolic dynamics. This method can visualize DNA sequences in three-dimensional coordinates with no
loss of information in the transfer of data from a DNA sequence to its mathematical representation, and
be applied to solve fundamental problems in bioinformatics fields. Graphical alignment of two shorter
DNA sequences is exemplified for the application of the symbolic-dynamics-based representation
method to sequence alignment. With the truncated length of DNA representation being chosen as the
number of nucleotides in a codon, the application can be then extended to codon alignment. Based on
the applications of alignment, the examination of similarities/dissimilarities among the coding sequences
of the first exon of b-globin gene of different species illustrates the utility of the improved representation
approach.

� 2009 Elsevier B.V. All rights reserved.

1. Introduction

The graphical representations of DNA sequences [1–4] were ini-
tiated to arrive at an efficient ways to intuitively inspect their data
and structure, which can help in analysis of DNA sequence, e.g., se-
quence alignment and recognizing major differences among simi-
lar DNA sequences. However, in order to take full advantage of
the graphical representations, an efficient representation method
with numerical characterization is required, particularly when
the analyzed DNA sequences have thousands of nucleic acid bases.

The graphical representations often start by assuming certain
basic geometrical object or format, and then adopt a specific algo-
rithm, used for describing individual nucleotides. Jeffrey [1] Zhang
et al. [2], Hao [3], Randić [4–7] and others [8–11] developed the
graphical representation with embodying different characteristics
of DNA sequences. With the modification of the algorithm of the
mathematical ‘‘chaos game”, Jeffrey [1] designed chaos game rep-
resentation (CGR) of DNA sequences for construction of various
patterns with fractal characterizations, by assigning to the four
bases, which are adenine (A), thymine (T), guanine (G) and cytosine
(C), the four corners of a selected square. Then a two-dimensional
compact graphical DNA representation in a limited space is ob-
tained with no loss of information [1]. The Z curve proposed by
Zhang et al. [2], is a three-dimensional curve which is a unique rep-
resentation for a given DNA sequence in the sense that each can be

uniquely reconstructed given the other [2]. Therefore, the Z curve
contains all the information that the corresponding DNA sequence
carries and also embodies the numerical characterizations of DNA
sequences. Hao [3] proposed a global visualization method of DNA
sequences based on counting and coarse-graining the frequency of
appearance of nucleic acid bases of a given length. The Hao method
can show distinctive patterns for different genomes, and also re-
veal fractal-like patterns in DNA sequences [3]. The four-line
graphical representation, in which to the four nucleic acid bases
are assigned four horizontal lines on which, at equal intervals are
placed sequentially points corresponding to nucleotides as they
appear in the DNA sequence, is proposed and expanded by Randić
[4,5,7]. The advantage of the four-line method is to allow the con-
struction of mathematical invariants characterizing a DNA se-
quence, resulting in a numerical characterization of a DNA
sequence. The L=L matrix, M=M and their high order matrices are
usually selected for DNA analysis with calculating the eigenvalues
of these matrices [7].

As we have known that, the protein coding regions of DNA se-
quences tend to exhibit a period-3 pattern which has been
regarded as a good indicator of gene position. Period-3 also implies
chaos [12]. Hence, there probably exist chaotic dynamic character-
izations within exons. The novel representation with embodying
chaotic features of DNA sequences, which maps DNA sequences
into chaotic sequences, has been proposed based on the principle
of symbolic dynamics by Wang et al. [13].

In this paper, the symbolic-dynamics-based approach is
expanded further by allowing visual inspection and numerical anal-
ysis of DNA sequences. In the improved graphical representation,
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there is no loss of information in the transfer of data from a DNA
sequence to its mathematical representation. The features of im-
proved representation method can be applied to facilitate solving
complex problems of genome analysis. Therefore, the researches
on applications of the improved representation are utilized to illus-
trate its efficiency and reliability in genome analysis.

2. Theoretical methods and materials studied

Genomic information being digital in a very real sense, is repre-
sented in the form of sequences of which each element can be one
out of a finite number of entities. Therefore, such sequences, like
DNA and proteins, have been mathematically denoted by character
strings, in which each character is a letter of an alphabet. For in-
stance, the alphabet for DNA representation is size 4 and consists
of the letters A, T, C and G; the size of the corresponding alphabet
for proteins representation is 20.

Consider a symbolic sequence space of DNA being defined as
P

,
which is composed of the four letters. Define a shift operation r,
which is a map from the space

P
to itself, shown as follows.

r :
X
!
X

: ð1Þ

Assume that a symbolic sequence starting at the position n,
which belongs to the space

P
, is represented by Sn. And this sym-

bolic sequence can be governed by a left shift operation rl, where
the leftmost symbol is discarded at each iteration [14], shown as
follows.

Sn ¼ rlðsn�1snsnþ1 . . .Þ ¼ snsnþ1snþ2 . . . ð2Þ

A one-dimensional discrete-time dynamic system is expressed
as a difference equation, which is given by the following dynamical
equation.

xn ¼ f ðxn�1Þ; xn 2 I ð3Þ

where f ð�Þ is a nonlinear function mapping points from a region I
onto the same interval and possessing certain properties, such as
sensitivity to initial values, which are the intrinsic feature of a cha-
otic sequence.

Hence, with the phase space of a dynamic system divided into a
finite number of partitions, I ¼ fI1; I2; . . . ; IMg, and each partition la-
beled by a symbol, i.e., sn 2 Ik, a symbolic sequence can be gener-
ated by using a chaotic sequence, as shown by

sn ¼ bðxnÞ ¼ k� 1; xn 2 Ik; ðk ¼ 1;2; . . . ;MÞ: ð4Þ

Accordingly, a symbolic sequence bearing a one-to-one rela-
tionship with the states of phase space for a dynamic system,
can be represented by the dynamic system.

Conversely, rather than generating a chaotic sequence with (3)
directly, an equivalent chaotic sequence can be obtained by
exploiting symbolic dynamics, which provide a method for finite
precision representation of chaotic system [14,15].

Define a truncated length of symbolic sequences being N, which
is pertinent to the representation precision. As the truncated
length increases, the representation is more accurate. Therefore,
the mapping of symbol sequences Sn into chaotic sequences xn

can be expressed as

xn ¼ b�1ðSnÞ ¼
XnþN�1

k¼n

skM�ðk�nþ1Þ ð5Þ

where M is the number of partitions in the space of a dynamical sys-
tem. Actually, the symbolic sequence represents the M-ary expan-
sion of a chaotic sequence.

According to symbolic dynamics, the relationship between
symbolic sequences and dynamic systems is summarized as fol-
lows [13].

: ð6Þ

Therefore, without consideration of biological information, DNA
sequences can be directly mapped into one chaotic sequence with
M in (5) being set to 4, that is

xn ¼
XnþN�1

k¼n

sk4�ðk�nþ1Þ: ð7Þ

Consider the DNA sequence F56F11.4a [13] in Caenorhabditis elegans
chromosome III (base number 7949–14625, Accession No.
AF099922) being denoted by (7). Fig. 1 shows the phase space dia-
gram of the coordinate with the truncated length N being set to 9. It
can be seen from this figure that the discrete time sequence gener-
ating from (7) has the same phase space diagram with the sawtooth
map.

However, in the molecular biology, nucleic acids are linear mac-
romolecules. Analysis and research of DNA sequences should con-
sider not only the strings’ structures but also their chemical
structures. In DNA sequences, based on the biological information
existing in the nucleotides, the four bases can be divided into two
groups in three ways: purine (R=A, G) and pyrimidine (Y=C, T),
amino (M=A, C) and keto (K=G, T), and weak hydrogen-bonds
(W=A, T) and strong hydrogen-bonds (S=G, C). Assuming the
DNA sequence being represented by fung, the DNA sequence is first
mapped into three symbolic sequences shown as follows.

s1
n ¼

1; un ¼ R
0; un ¼ Y

�

s2
n ¼

1; un ¼M
0; un ¼ K

�

s3
n ¼

1; un ¼W
0; un ¼ S

� ð8Þ

According to this classification, we map a DNA sequence into a
three-dimensional representation by defining the three coordi-
nates of the position n. Since each classification has two different
groups, M ¼ 2 in (5) is chosen herein. Therefore, a DNA sequence
can be decomposed into three series of real-number, where the
mapped point Xn x1

n; x
2
n; x

3
n

� �
with the three coordinates xi

n being de-
fined by

xi
n ¼

XnþN�1

k¼n

si
k2�ðk�nþ1Þ; i ¼ 1;2;3: ð9Þ

Fig. 1. The phase space diagram of the coordinate from (7), where the N being set to
9.
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